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Preface

First, a word about the title “Selfsimilar Processes”. Let there be no doubt, we
all are very much in debt to Professor Benoit Mandelbrot. In his honor, we
should have used as a title “Self-Affine Processes”; the notion of selfsimilar-
ity, however, seems to have won the day and is used throughout an enormous
literature. We therefore prefer to stick to it. In his most recent book [Man01],
the author discusses these points in greater depth. Second, why this text at this
point in time? As so often happens, the (re)emergence of scientific ideas
related to a specific topic is like the sudden appearance of crocuses and
daffodils in spring: the time is just right! Especially the availability of large
data sets at ever finer and finer time resolution led to the increased analysis of
stochastic processes at these fine time scales. Selfsimilar processes offer such a
tool. We personally were motivated by recent applications in such fields as
physics and mathematical finance. Researchers in those fields are increasingly
interested in having a summary of the main results and guidance on existing
literature. In addition to the numerous excellent papers existing on the subject,
by far the best summary on the mathematics of the subject is to be found in
[SamTaq94]. The history of selfsimilarity can without doubt best be learned
from the various publications of Mandelbrot; see the list of references at the
back. Mandelbrot’s more recent publications contain a wealth of new ideas for
researchers to look at, the notion of multifractability is just one example; see
[Man99].

Our text should be viewed as intermediate lecture notes trying to bridge the
gap between the various existing developments on the subject. The scientific
community still awaits a definitive text. We hope that our contribution will be
helpful for someone undertaking such an endeavor.

We both take great pleasure in thanking various colleagues and friends for
helping with the presentation of this manuscript. Patrick Cheridito read
various versions of the manuscript and gave us very valuable advice which
resulted in numerous improvements. Hansruedi Kiinsch taught us some of the
statistical issues. Andrea Binda produced the various figures. Mrs. Gabriele
Baltes did an excellent job as overall technical editor, making sure that Japa-
nese and Swiss versions of American LaTeX linked up. The second author
gratefully acknowledges financial support from the ETH Forschungsinstitut
fiir Mathematik, which allowed him to spend part of a sabbatical in Ziirich.
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Finally, both authors would like to thank their families for the constant
support. Without their help, not only this text would not have been written,
but also the numerous “get togethers” of both authors over so many years
would not have been possible. Hence many thanks to Gerda, Krispijn, Eline,
Frederik, Keiko and Utako.

Paul Embrechts, Ziirich
Makoto Maejima, Yokohama

March, 2002



Chapter One

Introduction

Selfsimilar processes are stochastic processes that are invariant in distribution
under suitable scaling of time and space (see Definition 1.1.1).

It is well known that Brownian motion is selfsimilar (see Theorem 1.2.1).
Fractional Brownian motion (see Section 1.3 and Chapter 4), which is a
Gaussian selfsimilar process with stationary increments, was first discussed
by Kolmogorov [Kol40]. The first paper giving a rigorous treatment of general
selfsimilar processes is due to Lamperti [Lam62], where a fundamental limit
theorem was proved (see Section 2.1). Later, the study of non-Gaussian self-
similar processes with stationary increments was initiated by Taqqu [Taq75],
who extended a non-Gaussian limit theorem by Rosenblatt [Ros61] (see
Sections 2.3 and 3.4).

On the other hand, the works of Sinai [Sin76] and Dobrushin [Dob80] in the
field of statistical physics, for instance, appeared around 1976 (see Section
2.2). It seems that similar problems were attacked independently in the fields
of probability theory and statistical physics (see [Dob80]). The connection
between these developments was made by Dobrushin. An early bibliographi-
cal guide is to be found in [Taq86].

1.1 DEFINITION OF SELFSIMILARITY

In the following, by {X(¢#)} 4 {Y(r)}, we denote equality of all joint distribu-
tions for R%-valued stochastic processes {X(#),t =0} and {Y(¢),r = 0}
defined on some probability space (£2,F,P). Occasionally we simply write
X()=Y(r). Also X(¢) 4 Y(¢) denotes equality of the marginal distributions
for fixed #. By X,,(t) = Y(¢), we denote convergence of all joint distributions
asn— oo, and by &, — £, the convergence in law of random variables {£,} to &
L(X) stands for the law of a random variable X. The characteristic function
of a probability distribution p is denoted by f(6), 6 € R?. Forx € R?, |x|
is the Euclidean norm of x and x’ is the transposed vector of x.

Definition 1.1.1 An R-valued stochastic process {X(t),t = 0} is said to be
“selfsimilar” if for any a > 0, there exists b > 0 such that

[X(an)} < {bX(1)). (1.1.1)
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We say that {X(¢),t = 0} is stochastically continuous at t if for any & > 0,
lim,_o P{|X( + h) — X(r)| > &} = 0. We also say that {X(¢), 7 = 0} is trivial
if X(7) is a constant almost surely for every ¢.

Theorem 1.1.1 [Lam62] If {X(¢),t = 0} is nontrivial, stochastically contin-
uous at t = 0 and selfsimilar, then there exists a unique H = 0 such that b in

(1.1.1) can be expressed as b = a.

As there is some confusion about this result in the more applied literature, we
prefer to give a proof. We start with an easy lemma.

Lemma 1.1.1 IfX is a nonzero random variable in RY, and if b; X L by, X with
b],b2 > 0, then bl = bz.

Proof. Suppose b # b,. Then X 2 bX with some b € (0,1). Hence X L pX for
any n € N, and, letting n — oo, we have X = 0 almost surely, which is a
contradiction. [

Proof of Theorem 1.1.1. Suppose X(ar) < b, X(1) < b,X(¢). If X(1) is nonzero
for this #, then b; = b, by Lemma 1.1.1. By the nontriviality of {X(¢)}, such a ¢
exists. Thus by = b,, namely b in (1.1.1) is uniquely determined by a. We write
b = b(a). Then

X(aa't) < b@X(@'t) < b(a)b(a)X ().

Hence we have b(aa’) = b(a)b(a’). We next show the monotonicity of b(a).
Suppose a < 1 and let n — o0 in X(a") < b(a)"X(1). Since X(a") tends to X(0)
in probability by the stochastic continuity of {X(7)} at r = 0, we must have that
b(a) = 1. Since b(a,/a,) = b(a,)/b(a,), if a; < a,, then b(a,) = b(a,), and thus
b(a) is nondecreasing. We have now concluded that () is nondecreasing and
satisfies

b(aa"y = b(a)b(a").

Thus b(a) = a” for some unique constant H = 0. [

We call H the exponent of selfsimilarity of the process {X(¢),r = 0}. We refer
to such a process as H-selfsimilar (or H-ss, for short).

Property 1.1.1 If {X(¢),t = 0} is H-ss and H > 0, then X(0) = 0 almost
surely.

Proof. By Definition 1.1.1, X(0) 3 aHX(O) and it is enough to leta — 0. O
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Property 1.1.1 does not hold when H = 0.

Example 1.1.1 [Kon84] Let {¥(s), s € R} be a strictly stationary process, &
a random variable independent of {¥(s)}, and define {X(¢),r = 0} by

{ Y(logt), t>0,
X(r) =

¢ t=0.
Fort > 0,
X(at) = Y(logat) = Y(loga + log?)
2 y(logr) = X(t)
so that

{{X(an,t > 0}, & < {({X(1),t > 0}, &),
implying that {X(#),r = 0} is 0-ss. However X(0) # 0. [

Actually we have the following for H = 0.

Theorem 1.1.2  Under the same assumptions of Theorem 1.1.1, H = 0 if and
only if X(t) = X(0) almost surely for every t > 0.

Proof. The “if” part is trivial. For the “only if” part, by the property of 0-ss,
{X(at)} = {X(#)}. Then for each a > 0, the joint distributions at # = 0 and
t = s/a are the same:

d

(X(0), X(5)) ~ (X(0), X(s/a)).
Hence for any ¢ > 0,
P{|X(s) — X(0)| > &} = P{|X(s/a) — X(0)| > &}.
The right-hand side of the above converges to 0 as a — o0, because of the
stochastic continuity of the process at + = 0. Hence for each s > 0
P{IX(s) — X(0)| > £} =0, Ve >0,

so that X(s) = X(0) almost surely. [

From the above considerations, it seems natural to consider only selfsimilar
processes such that they are stochastically continuous at 0 and their expo-
nents H are positive. Without further explicit mention, selfsimilarity will
always be used in conjunction with H > 0 and stochastic continuity at 0.
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1.2 BROWNIAN MOTION

An R%valued stochastic process {X(t),t = 0} is said to have independent
increments, if for any m = 1 and for any partition 0 = 7, < 1, < --- < t,,,
X(t) — X(tp), ..., X(t,,) — X(t,,—) are independent, and is said to have station-
ary increments, if any joint distribution of {X(¢ + k) — X(h), t = 0} is inde-
pendent of 2 = 0. We will always use the term stationarity for the invariance
of joint distributions under time shifts. Usually, this is referred to as strict
stationarity. This is distinct from weak stationarity where time shift invariance
is only required for the mean and covariance functions.

Definition 1.2.1 If an R%valued stochastic process {B(t),t = 0} satisfies

(a) B(0) = 0 almost surely,
(b) it has independent and stationary increments,

(c) for each t > 0, B(t) has a Gaussian distribution with mean zero and
covariance matrix tl (where 1 is the identity matrix), and

(d) its sample paths are continuous almost surely,

then it is called (standard) Brownian motion.
Theorem 1.2.1 Brownian motion {B(t),t = 0} is 3-ss.
Proof. It is enough to show that for every a > 0, {a~ "*B(af)} is also Brownian
motion. Conditions (a), (b) and (d) follow from the same conditions for { B(¢)}.
As to (c), Gaussianity and the mean zero property also follow from the proper-
ties of {B(r)}. Moreover, E[(a” "*B(at))(a” *B(at))'] = tI, thus {a "*B(an)}
is Brownian motion. [J
Theorem 1.2.2 E[B(t)B(s)'] = min{z, s}1.
Proof. We have
E[B(H)B(s)']
1
= E{E[B(t)B(t)/] + E[B(s)B(s)'] — E[(B(t) — B(s))(B(t) — B(s))']}

1 / / /
= E{E[B(t)B(t) 1 + E[B(s)B(s)'] — E[B(It — sDB(I — sD'T}

1
= E{t—ks— |t — |} = min{t,s}]. O
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1.3 FRACTIONAL BROWNIAN MOTION

The following basic result for general selfsimilar processes with stationary
increments leads to a natural definition of fractional Brownian motion.

Theorem 1.3.1 [Taq81] Let {X(t)} be real-valued H-selfsimilar with
stationary increments and suppose that E [X(l)z] < 00, Then

E[X()X(s)] = %{z”’ + 52— — s|2H}E[X(1)2].

Proof. By selfsimilarity and stationarity of the increments,

E[X()X(s)] = %{E[X(t)z] + E[X(s)z] - E[(X(t) - X(s))z]}
= S {E[x@?] + B[ x62] - [ xde - 7]}
- %{ﬁ” e P s|2H}E[X(1)2]. O

Definition 1.3.1 Let 0 < H = 1. A real-valued Gaussian process {By(t),
t =0} is called “fractional Brownian motion” if E[By(t)] =0 and

E[By()By(s)] = %{RH e P s|2”}E[BH(1)2]. (1.3.1)

Remark 1.3.1 It is known that the distribution of a Gaussian process is
determined by its mean and covariance structure. Indeed, the distribution of
a process is determined by all joint distributions and the density of a multi-
dimensional Gaussian distribution is explicitly given through its mean and
covariance matrix. Thus, the two conditions in Definition 1.3.1 determine a
unique Gaussian process.

Theorem 1.3.2 {B,,,(7)} is Brownian motion up to a multiplicative constant.
Proof. Equation (1.3.1) with H = 1/2 is the same as in Theorem 1.2.2, and it
determines the covariance structure of Brownian motion as mentioned in

Remark 1.3.1. O

For the formulation of the next result, we need the notion of a Wiener integral.
See Section 3.5 for a definition in a general setting.
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Theorem 1.3.3 A fractional Brownian motion {By(t),t = 0} is H-ss with
stationary increments. When 0 < H < 1, it has a stochastic integral repre-
sentation

0 t
CHH (¢ =" = (=w"""")aBw) + J (t - u)”*”de(u)},
. 0
(1.3.2)

where

0 —12
Cy = E[BH(l)Z]m{JW (¢ —w"" - (—u)H_l/z)zdu + %} .

If H=1, then B (t) = tB(1) almost surely. Fractional Brownian motion is
unique in the sense that the class of all fractional Brownian motions coincides
with that of all Gaussian selfsimilar processes with stationary increments.
{By(t)} has independent increments if and only if H = 1/2.

Proof.
(1) Selfsimilarity. We have that

E[By(at)By(as)] = %{(at)m + (as)* — (alt — s|)2”}E[BH(1)2]
= a”"E[By(1)By(s)]
= E[(aHBH(t))<aHBH(s)>].

Since all processes here are mean zero Gaussian, this equality in
covariance implies that {By(at)} = {aH By()}.

(ii) Stationary increments. Again, it is enough to consider only covar-
iances. We have

E[(By(t + h) — By(h))(By(s + h) — By(h))]
— E[By(t + h)By(s + h)] — E[By(t + h)By(h)]
—E[By(s + h)By(h)] + E[BH(h)2]

— %{((r + )+ s+ — |t - s|2H)

—((t + h)2H 42— tZH)
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—((s + )2 2 - s2”) + ZhZH}E[BH(l)z]

= %(ﬂ” + 82— | - s|2“)E[BH(1)2]

= E[Bu(Bx(5)],

concluding that
d
{By(r + h) — By(W}={By (D}
(iii) For 0 < H < 1, the Wiener integral in (1.3.2) is well defined and a

mean zero Gaussian random variable. Denote the integral in (1.3.2) by
X(t). We then have by Theorem 3.5.1 that

E[X(t)2]
0 ) t
= C%,U ((t — w12 - (—u)H_]/z) du + J (t — u)ZH_ldu]
— 0 0
= E[BH(I)z]tZH.
Moreover,

E[(X(t +h) — X(h))z]
h
= C%,E[(J ((z +h—w 2 —(h— u)H_l/z)dB(u)
t+h 2
+ J ot u)”*mdB(u)) ]

h
_ c%,“ (6 n— w2 = (- u)H””)zdu

(+h
+J (t+h-— u)zH*ldu}
h

—CZ{JO ((t— H-12 _ . ~H-1/2)? Jt _\2H-1 }
=Cuy| i) (—u) )du+ O(t u) du

= E[BH(I)z]tZH.

Hence,
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E[X()X(s)] = %{E[X(t)z] + E[X(s)z] - E[(X(t) - X(s))z]

_lgon | om 2H 2
= 5{; + 27— | — ] }E[BH(l) ]
Therefore, {X(¢)} for 0 < H < 1 is fractional Brownian motion.

(iv) For the case H = 1, first note that because of (1.3.1),
E[B,(t)B(s)] = ts E[Bl(l)z]. Then,

E[(Bl(t) - tBl(l))Z] = E[Bl(t)z] — 2tE[B, (1) By(1)] + tZE[Bl(l)Z]

=P -22+ t2)E[B1(1)2] =0,
so that B(7) = rB(1) almost surely.

(v) For the uniqueness, first note that once {X(#)} is H-ss and has stationary
increments, then by Theorem 1.3.1 above, it has the same covariance
structure as in (1.3.1). Since {X(¢r)} is mean zero Gaussian, it is the
same as {Bgy(#)} in law.

(vi) If H = 1/2, then by Theorem 1.3.2, the process is Brownian motion. If
{Bn()} has independent increments, then for 0 < s < 1,

E[By(s)(By(t) — By(s))] = %{IZH + 52— (-5 — 2s2H}E[BH(1)2]

= %{IZH — (- s)zH}E[BH(l)z] =0.

The latter however only holds for H = 1/2. [
Remark 1.3.2 Fractional Brownian motion is defined through (1.3.2) in
[ManVNe68].

The integral representation of fractional Brownian motion in (1.3.2) is popu-
lar, but there is another useful representation through a Wiener integral over a
finite interval.

Theorem 1.3.4 [NorValVir99, DecUst99] When 0 < H < 1,

By(nZC J; K(t, u)dB),

where

£\H-12 1 t
K(t,u) = {(;) (t— wyfi=12 - (H _ §>ul/2—HJ' 32y — M)H—I/de}
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and C is a normalizing constant. For 1/2 < H < 1, a slightly simpler expres-
sion for K(t,u) is possible:

1 g (" yo _
K(t, u) = (H— E)ul/z HJ 120 — 32y

1.4 STABLE LEVY PROCESSES

Definition 1.4.1 An R%valued stochastic process {X(t),t = 0} is called a
Lévy process if

(a) X(0) = 0 almost surely,
(b) it is stochastically continuous at any t = 0,
(c) it has independent and stationary increments, and

(d) its sample paths are right-continuous and have left limits almost
surely.

Remark 1.4.1 Excellent references on Lévy processes are [Ber96] and
[Sat99]. For an edited volume on the topic with numerous examples, see
[BarMikResO1].

Definition 1.4.2 A probability measure . on R is called “strictly stable”, if
for any a > 0, there exists b > 0 such that i(0)" = u(b6), Y0 € R In the
following, we call such a p just “stable”. If w is symmetric, it is called
“symmetric stable”.

Each stable distribution has a unique index as follows.

Theorem 1.4.1 [SamTaq94] If u on R? is stable, there exists a unique
a € (0,2] such that b= a"®. Such a 1 is referred to as «-stable. When
a =12, uis a mean zero Gaussian probability measure.

In terms of independent and identically distributed random variables
X, X1, X,,... with probability distribution w, strict stability means that for
some o € (0,2] X; + -+ + X, L VX for all n.

Non-Gaussian stable distributions are sometimes called Lévy distributions
by physicists (see [Tsa97]). The special case a = 1 is called Cauchy distribu-
tion (or Lorentz distribution by physicists). A significant difference between
Gaussian distributions and non-Gaussian stable ones like the Cauchy distribu-
tions is that the latter have heavy tails, i.e. their variances are infinite. Such
models were for a long time not accepted by physicists. More recently, the
importance of modeling stochastic phenomena with heavy tailed processes is
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dramatically increasing in many fields. One important such heavy tail property
is the following.

Property 1.4.1 If Z,, is an R%valued random variable with a-stable distri-
bution, 0 < a < 2, then for any vy € (0, «), E[|Z,]|"] < o0, but E[|Z,|*] = .

Proof. See [SamTaq94], for instance. [

Theorem 1.4.2 Suppose {X(t),t = 0} is a Lévy process. Then L(X(1)) is
stable if and only if {X(¥)} is selfsimilar. The index a of stability and the
exponent H of selfsimilarity satisfy o = 1/H.

We denote an a-stable Lévy process by {Z,(¢),t = 0}.

Proof. Denote u; = L(X(¢)) and u = w,. Since {X(¢)} is a Lévy process, for
each r = 0, the characteristic function ,L’Zl satisfies ﬁ,(@) = ,t’l(@)’. Indeed, for
any n and m

R e R M e

where X(k/n) — X((k — 1)/n), k= 1,...,m, are independent and identically
distributed. It follows from (1.4.1) that ,am,,,(e) = ,L’Zl (0" and in particular
that fiy,,(6) = fu(6)"". Thus

B (0) = Hyn(0)™ = L(O)™.

This, with the stochastic continuity of {X(¢)}, implies that ﬁ,(@) = ,4’1(6)’ for
any t = 0.

We now prove the “if” part of the theorem. By selfsimilarity, for some
H > 0, X(a) L a"X(1), Va > 0, hence 1u(0)* = u@" ), Va > 0, Vo € R?,
implying that  is stable with « = 1/H, necesarily H = 1.

For the “only if” part, suppose u is a-stable, and 0 < a = 2. Since {X(¥)}
has independent and stationary increments, it is enough to show that for any
a>0,

X(at) < "X (r).
However,

E[exp{i(0, X(an)}] = Ru(0) = O™ = @’ 0) = fi,(a"*0)

= E[exp{i( 0, a”aX(t))}].

This completes the proof. [
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In the following (except for Chapter 9), we restrict ourselves to the case
d=1.

1.5 LAMPERTI TRANSFORMATION

Selfsimilar processes are strongly related to strictly stationary processes
through a nonlinear time change, referred to as the Lamperti transformation.

Theorem 1.5.1 [Lam62] [f {Y(¢),t € R} is a strictly stationary process and
if for some H > 0, we let

X(t) = "Y(ogr), fort>0; X(0)=0,
then {X(t),t = 0} is H-ss. Conversely, if {X(t), t = 0} is H-ss and if we let
Y()=e "X("), tER,

then {Y(t),t € R} is strictly stationary.

Proof. First assume that {Y(r),r € R} is strictly stationary. For any n € N,
ClyenCn € R, 1y,...,1, > 0, a > 0, we have that

chX(atj) = Z ciaHt_f{Y(loga + logt))
j=1 j=1
j=1
= ZCJCZHX(IJ)
j=1
Thus {X(?)} is H-ss. Conversely, for any n € N, ¢y,...,c, € R, 11,...,t, > 0,
h € R, we have that
chY(tj +h) = che_l"He_hHX(ehe’f)
j=1 j=1

n
d - .
~ E D ()
=

= Y1)
j=1

Thus {Y(#)} is strictly stationary. [
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Example 1.5.1 Let {B(r),t = 0} be standard Brownian motion, which is
1-ss. Then {Y(1)} defined by

Y(t)=e "B(), tER,
is stationary Gaussian, and its covariance is
E[Y)Y(s)] = e " E[B(e")B(e")]

— e—(t+s)/2 min{e’, es}

= Il (1.5.1)

Hence, {Y(¢),t € R} is a stationary Ornstein—Uhlenbeck process. This rela-
tionship between Brownian motion and a stationary Ornstein—Uhlenbeck
process was studied by Doob [Doo42]. The stationary Ornstein—Uhlenbeck
process is characterized as a mean zero Gaussian process with covariance
(1.5.1). Through the Lamperti transformation, we get a generalization to the
stable case. Indeed, if we apply the Lamperti transformation to stable Lévy
processes, then it is natural to call the following process a stable stationary
Ornstein—Uhlenbeck process:

Y(t) = e "*Z, ().

This was done in [AdlICamSam90], and leads to an interesting class of stable
Markov processes. For more about the Lamperti transformation, see
[BurMaeWer95].



Chapter Two

Some Historical Background

2.1 FUNDAMENTAL LIMIT THEOREM

One reason for the fact that selfsimilar processes are important in probability
theory is their connection to limit theorems. This was first observed by
Lamperti [Lam62]. In the following, we say that a random variable is nonde-
generate if it is not constant almost surely. The class of slowly varying func-
tions, defined below, will be needed in the formulation of the next theorem.

Definition 2.1.1 A positive, measurable function L is called slowly varying if
forall x > 0,

L(tx) |
o L)

A positive, measurable function f is called regularly varying of index
a € R, if f(x) = x*L(x), where L is slowly varying.

For a summary of the basic results on regularly varying functions, see
[BinGolTeu87].

Theorem 2.1.1 (Fundamental limit theorem by Lamperti [Lam62]) Sup-
pose L(X(1)) is nondegenerate for each t > 0.

(i) If there exist a stochastic process {Y(t),t =0} and real numbers
{A(N), A = 0} with A(A) > 0, lim)_,, A(A) = o0 such that as A — o,

1 d
then for some H > 0, {X(t),t = 0} is H-ss.

(ii) A(A) in (i) is of the form A(A) = )\HL()\), L being a slowly varying
function.
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(iii) If {X(¢),t =0} is H-ss, H >0, then there exist {Y(t),t =0} and
{A(N), A = 0} satisfying (2.1.1).

Part (iii) is trivial by taking {Y(#)} = {X(¢)} and A(A) = M. We present the
proofs of parts (i) and (ii). We first state a lemma without proof.

Lemma 2.1.1 [Lam62] Suppose for distribution functions {G,,n = 1},
nondegenerate F| and F,, and for real numbers a, > 0, o, > 0, b, and 3,,

G,(a,x + b,) — F(x), G,(a,x + B,) — Fy(x),
where the limits are taken at continuity points of the limit distributions, then

the following limit exists:

lim % € (0, o).

n—oo
Proof of Theorem 2.1.1. By condition (2.1.1), as A — oo,
P{Y(A) = AM)x} — P{X(1) = x}
and
P{Y(A) = A(At)x} — P{X(1/t) = x},

again for x a continuity point of the limit distributions. By the assumption that
L(X(?)) is nondegenerate and the above lemma, we have that, for each ¢ > 0,

. A(A)

lim ——= &€ (0, 00).

Jim oy €O
Then (see, e.g. [BinGolTeu87]), there exist H = 0 and a slowly varying func-
tion L(-) satisfying

A(A) = )\HL()\). 2.1.2)

Again by (2.1.1), for any a > 0, for any #;,1,,...,#; = 0, and for continuity
points (xi,...,x;) of the distributions of (X(),1 =j=k) and (X(at)),
1 =j = k), we have that

. 1 ) .
lim P{m YA = x;,1 <)< k} = P{X(tj) =x,l=j= k}, 2.1.3)

A—00

. 1 . . .
Alin}o P{mY(a)uj) =x,l=j= k} = P{X(atj) =x,l=j= k} 2.1.4)
By (2.1.2), the left-hand side of (2.1.4) is

lim P iY(a)\p) = 9 =j<k
Ao | A(ad) ! h(A)’
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for some A(A) — 1. This is equal to
Pla"x() = 5,1 =j =k}

by (2.1.3) and the continuous convergence of distribution functions. Since this
is equal to the right-hand side of (2.1.4), {X(¥)} is H-ss.

Under our assumptions, it follows that H > 0. Indeed, A(A) — oo implies
X(0) = 0 almost surely. Thus, if H = 0, by Theorem 1.1.2, X(f) = X(0) =0
almost surely for all # > 0, which contradicts the assumption on X(7) being
nondegenerate. [J

2.2 FIXED POINTS OF RENORMALIZATION GROUPS

Stable distributions mentioned in Definition 1.4.2 are fixed points of a renor-
malization group transformation. This fact seems to have been first noted in
[Jon75]. Let Ry, N = 1, be the transformation of a characteristic function ﬁ,( 0)
defined by

Ry(1)(0) = v~ 0)".
If f1,(0) is the characteristic function of a strictly a-stable random variable,
then by Definition 1.4.2 and Theorem 1.4.1,

RN(ﬁ/a) = izoz'

The following result is due to Sinai [Sin76]. Let H >0 and Y = {Y,,
j=20,1,2,...} be a sequence of random variables, and for each N = 1, define
the transformation

Ty:Y— TyY = {(TNY)j, j=o0, 1,2,...},

where

G+ DN-—1
(TNY); = i > v, j=012..
i=jN

Because TyT,; = Ty, the sequence of transformations {7y, N = 1} forms a
multiplicative semi-group. It is called the renormalization group of index H.
Suppose ¥ = {V;,j = 0,1,2,...} is a stationary sequence.

Definition 2.2.1 L(Y)) is called an H-selfsimilar distribution if the station-
ary sequence Y = {Y;,j =0,1,2,...} is a fixed point of the renormalization

group {Ty,N = 1} with index H, namely for all N = 1,

{(TNY)j,j =0, 1,2,...}%1@,; =0, 1,2,...}.

Since fractional Brownian motion {By(#),# = 0} has stationary increments,
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the random variables
Y; = By(j + 1) — By()), j=0,1,2,...

form a stationary sequence. The sequence {Y},j = 1,2,...} is called fractional
Gaussian noise.

Theorem 2.2.1 Within the class of stationary sequences, fractional Gaus-
sian noise is the only Gaussian fixed point of the renormalization group
{Ty,N = 1}.

Proof. For any 6y,...,6,, k=0and N = 1,

k k 1 G+ DN -1
ZOJ(TNY)/:ZGJW Y;
J=0 J=0 i=jN
1
=2 O B+ DN) = By(N)}
j=0
N k
~ > 6{By( + 1) — By()}
j=0

k
=267,
=0
and thus fractional Gaussian noise is a fixed point of {7y, N = 1}. Since
fractional Brownian motion is the unique Gaussian H-selfsimilar process
with stationary increments (see Theorem 1.3.3), fractional Gaussian noise is

the unique fixed point. [

Remark 2.2.1 In general, suppose {X(7),t =0} is H-ss with stationary
increments. (Recall that X(0) = 0 almost surely (Property 1.1.1).) Then the
increment process

Y, =X(G+1)-X(), j=012,..

is a fixed point of the renormalization group transformation {7Ty,N = 1};
indeed, the proof of Theorem 2.2.1 also works in this general case.

2.3 LIMIT THEOREMS (I)

Let X;,X,,... be a sequence of independent and identically distributed real-
valued random variables with E[X;] =0 and E[ij] = 1. Then, as is well
known, the central limit theorem holds, namely
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1 & d
XAz 2.3.1)
=1

where Z is a standard normal random variable. Historically, the next question
was how we can relax the assumption on independence of {X;} while keeping
the validity of the central limit theorem (2.3.1). Rosenblatt [Ros56] introduced
a mixing condition which is a kind of weak dependence condition for station-
ary sequences of random variables. Numerous extensions to other mixing
conditions have since been introduced. An important problem addressed by
Rosenblatt was as follows: suppose that a stationary sequence has a stronger
dependence violating the validity of the central limit theorem, then what type
of limiting distributions are expected to appear. He answered this question in
[Ros61] laying the foundation of the so-called noncentral limit theorems.

Theorem 2.3.1 Let {&} be a stationary Gaussian sequence such that
E[&] =0, E[&)]1=1 and E[&&] ~ K7 'Lk) as k— o for some H €
(1/2,1) and some slowly varying function L. Define another stationary
sequence {X;} by

2
Xj=¢& -1
Then
1 < d
— > X, —>Z, 232
n"L(n) Z J ( )

J=1
where Z is a non-Gaussian random variable given by

00 -k
E[eiOZ] _ exp{z (2i0) |xl _ xk|—2(l—H)

& 2k Jxeoar

k
l_[ lx; — x;— I_Z(I_H)dx}, feR.
=2

As we will see in Section 3.4, Taqqu [Taq75] considered the “process
version’’ of (2.3.2) and obtained a limiting process of

[nt]

1
X, (1) == m;)g

This limiting process is, of course, H-ss by Theorem 2.1.1, and the first
example of non-Gaussian selfsimilar processes having strongly dependent
increment structure. It is referred to as the Rosenblatt process.
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Chapter Three

Selfsimilar Processes with Stationary Increments

Stable Lévy processes (including Brownian motion) are the only selfsimilar
processes with independent and stationary increments. Consequently, one is
interested in selfsimilar processes with just stationary increments or just inde-
pendent increments. In this chapter, we discuss selfsimilar processes with
stationary increments. Selfsimilar processes with independent increments
are discussed in Chapter 5.

When {X(#),t = 0} is H-selfsimilar with stationary increments, we call it
H-ss, si, for short.

3.1 SIMPLE PROPERTIES

The following results give some basic formulas and estimates on moments and
the exponent of selfsimilarity.

Theorem 3.1.1 Suppose that {X(t)} is H-ss, si, H> 0 and that X(t) is
nondegenerate for each t > 0.

(i) [Mae86] If E[|X(1)|"] < oo for some 0 < y < 1, then H < 1/y.

(ii) If E[|IX(1)|] < oo, then H < 1.

(iii) [Kon84] If E[IX(1)]] < 00 and 0 < H < 1, then E[X(t)] =0 for all
1= 0.

(iv) IfE[IX(1)|]] < 00 and H = 1, then X(t) = tX(1) almost surely.

Before proving Theorem 3.1.1, we will provide some remarks.

Remark 3.1.1 The inequality in Theorem 3.1.1 (i) is best possible. As an
example, consider an a-stable Lévy process with a < 1 (Section 1.4), for
which H = 1/a. On the other hand, by Property 1.4.1, E[|Z,(1)|?] < oo for
any 0 < y < aand E[|Z,(1)|*] = o. Hence H cannot be greater than or equal
to 1/7y. What will happen if we drop the assumption of stationary increments in
the above. For any H > 0 and any random variable &,

X(t) :=11¢ (3.1.1)
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is H-ss. Hence we cannot say anything about X(1) just from H-ss. If H # 1,
(3.1.1) does not have stationary increments, but if H = 1, it is 1-ss, si. Thus,
when H = 1, 1-ss, si is not sufficient to get some information about X(1) (see
for instance (iii) above). As follows from (iv), when E[|X(1)|] < oo, a 1-ss, si
process is always of the form (3.1.1).

Proof of Theorem 3.1.1. (i) Note thatif ¢; = Oforall 1 =j < N, a,, > 0,a, >
Oforsome 1 =m#n=N,and if 0 < y < 1, then

N Y N
a| <>a. (3.1.2)
j=1 j=1

We now see from the assumption that X is nondegenerate that
e:=P{X(1)#0} >0.

Let N be an integer satisfying N > 1/e. Recall that X(0) = 0 almost surely
(Property 1.1.1). By si, we see that

P{X(G)—XG—1)#0} =&>0, 1=j=N,
from which there exist m and n with 1 = m < n = N such that
A={w€Q, X(mw) —X(m—1,w) # 0 and X(n, w) — X(n — 1, w) # 0}

has a strictly positive probability. Hence it follows from (3.1.2) that for any
wEA,

N Y
XV, w)|” = (Z X ) = XG = 1, w)l)
=1

N
< ZlX(j, w)—XG—1,w). (3.1.3)
j=1

Since the relation (3.1.3) also holds with < for any w € A° and P(A) > 0, it
follows that

N
E[IXV)I"] < > E[IX() — X( = DI"].
i=1

J
Thus by H-ss, si,

NTYE[IX(D)]"] < NE[IX(DI"],
implying H < 1/y.

(ii) Since E[|X(1)|] < oo, E[|X(1)|”] < oo for any y < 1. Thus, by (i), H <
1/ for any y < 1, meaning H = 1.
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(iii) By H-ss, si, it follows that E[X(7)] = E[X(2t) — X(?)] = " — DEX (),
and so (27 — 2)E[X(1)] = 0. Since 0 < H < 1, we have that E[X(1)] = 0.

(iv) The general proof under the assumption E[|X(?)|] < oo is omitted (see
[Ver85]). A simple proof when E[X(1)2] < o0 was given in part (iv) of the
proof of Theorem 1.3.3 for fractional Brownian motion. Exactly the same
reasoning applies here. [

Recall that an a-stable Lévy process {Z,(¢)} for 0 < a <2 satisfies
E[|Z,(1)|*] = oo. In other words, if {X(r)} is H-ss, si and {X(f)} 4 {Z,()},
then E[IX(l)IUH] = oo. This is also true for any H-ss, si process with H > 1.

Theorem 3.1.2 [Mae86] Let {X(t)} be H-ss, si and H > 1. Then
E[IX()|"™] = co.

Proof. Suppose E[|X(1)|""] < co. Since y := 1/H < 1, by Theorem 3.1.1 (i),
we have that H < 1/y = H. This is a contradiction. []

3.2 LONG-RANGE DEPENDENCE (I)

Let {X(r),t = 0} be H-ss, si, 0 < H < 1, and nondegenerate for each >0
with E[X(1)?] < oo, and define

En)=Xmn+1)— Xn), n=0,1,2,...,

r(n) = E[&0)ém)], n=0,1,2,...
Then

r(n) ~ H2H — D' 2E[X(1)*] asn— oo, if H # % (3.2.1)

1
r(n) =0, n=l, ifH:E'

This can be shown as follows. Noticing that X(0) = 0 almost surely (Property
1.1.1) and using Theorem 1.3.1, we have, for n = 1,

r(n) = E[§0)&m)] = E[X(D){X(n + 1) — X(n)}]

=EX(1)X(n + 1)] — E[X(1)X(n)]

_ %{(n + 1P =20+ (0 = P x(17),

which implies the conclusion. Hence
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(@ IfO<H<I1/2,3 0|r(n)] < oo,
(b) if H=1/2, {&n)} is uncorrelated,
(©) if 12<H<1,Yplr(n| = oco.

Actually, if 0 <H <1/2, r(n) <0 for n=1 (negative correlation), if
12<H<I1, r(n) >0 for n=1 (positive correlation). The property
> |r(n)| = oo is often referred to as long-range dependence and is especially
of interest in statistics. (See [Ber94] and [Cox84]).

3.3 SELFSIMILAR PROCESSES WITH FINITE VARIANCES

In this section, we explain when stochastic processes with finite variances,
which can be represented by multiple Wiener-It6 integrals, are ss, si
processes. We follow [Dob79] and [Maj81b].

For a spectral measure G on R, define a complex-valued random spectral
measure Z; on the Borel g-algebra B(R) satisfying the following conditions:

(i) Zg(A) is a complex-valued Gaussian random variable,
(i) E[Zg(A)] =0,
(iii) E[Zg(A)Zg(B)] = G(A N B),
(iv) Zg(Uj=1 A) = Xi=1 Z5(A;) for mutually disjoint Ay,...,A,,
V) Zg(A) = Zg(—A).

By Hé we represent the class of complex-valued functions f of k variables
satisfying the following properties:

(1) f(_xl’ ceey _xk) :f(xl’ --~,xk),
(i) [ge FGers s x)IPGldxy)-+ Gldxy) < o0,
(iii) f(x,-l,...,x,-k = f(xy,...,x), Where {i,....i;} = {1,...,k}.

Then we can define for any f € Hg, the multiple Wiener—It6 integral

J ) ol ) Zo(d) (3.3.1)

Here I[’é&k is the integral over R* except the hyperplanes x; = *x;, i # j.

For later use, we state here the change of variables formula for multiple
Wiener—It6 integrals (see [Maj81b] for details). Let G and G be nonatomic
spectral measures such that G is absolutely continuous with respect to G and
suppose that g(x) is a complex-valued function satisfying g(x) = g(—x) and
lg)|* = dG(x)/dG(x). For f € HE, put

]?(xl’m’xk) =flxr e x)g(xr) g x)-

Then f € Hé and
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"
JRk f(xl yenesy xk)ZG(dxl ) -~ZG(dxk)

i JRJ(J;(XI’ ""xk)ZG(dxl )ZG(dxk)7 (332)

where Z; and Zg are random spectral measures corresponding to G and 5,
respectively.

Dobrushin [Dob79] gave a condition for processes having the multiple
Wiener-It6 integral representation to be selfsimilar.

Theorem 3.3.1 [Dob79] For k > 0 and f € HE, put

X(r) = j S )+ W Zoldn) Zolds), (B33)

where ¢,(x) = (¢ — Dlix. If, for some p > 0 and g € R,

(a) flcxyy...,cxy) = Pf(Xy s X2),
(b) G(cA) = c1G(A), A € B(R),

then {X(t)} is H-ss, si, where H =1 — p — kq/2.

Since E[X(t)z] < 00, it follows from Theorem 3.1.1 (ii) and (iv) that p and ¢
must satisfy 0 < p + kq/2 < 1. The proof of this theorem is easy if we use the
change of variables formula (3.3.2).

Among the selfsimilar processes characterized by Theorem 3.3.1, we
consider those special cases which will appear as limits in the noncentral
limit theorem in the next section. Suppose f = 1 in (3.3.3). Namely consider

X(t) = JR‘( ¢,(x1 + -+ xk)ZG(dxl)"-ZG(dxk). (334)

This process is called the Hermite process and, in particular, the Rosenblatt
process when k = 2 as mentioned in Section 2.3. When k = 1, it is Gaussian
and when k = 2, non-Gaussian. Since condition (a) in Theorem 3.3.1 is trivi-
ally satisfied with p = 0, X(¢) is H-ss with H = 1 — kq/2 if the process exists.
(Actually, for general k, the definition is only meaningful when 0 < g < 1/k,
and so H satisfies 1/2 < H < 1.)

{X(»} in (3.3.4) can also be represented by an integral with respect to
standard Brownian motion {B(?),r € R} in the following way:

/ . k
xote,| | ( [ =2y < 51) ds dB(so)-dB().
1

(3.3.5)
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where [ /Rk is the integral over R* except the hyperplanes x; = x;, i # j, I[-] is
the indicator function and C, is a constant depending only on g. The identity
(3.3.5) can be shown by using Parseval’s identity for multiple Wiener—Ito
integrals [Taq81]; for h € L2(RY),

!

Jw h(y1, ... yi) dB(y1)---dB(yy)

"

d ~ — —
-~ JRk h(x],...,xk)|x]|(1 q)/2-~~|xk|(1 q)/ZZG(dxl)-"ZG(dxk),

where J is the Fourier transform of & on R¥. Especially, if

t k
h(yys s i) = L [ 16—y 21y, < sids,
j=1

then

~ -1 -2 -2
A(x1s ) = Cf 'y + o+ x) x4 g |72,

3.4 LIMIT THEOREMS (II)

Extending the idea of Rosenblatt (Theorem 2.3.1), Taqqu [Taq75, Taq79], and
independently Dobrushin and Major [DobMaj79], proved the following
noncentral limit theorem, which has the Hermite processes as limits.

Let {§,,n € Z} be a sequence of stationary Gaussian random variables with
E[]1=0,E [fé] = 1, and further assume that the covariances satisfy

r(n) = E[&é,] ~ n L(n), n— oo, (3.4.1)
where 0 < ¢ < 1 and L is a slowly varying function. (In this case, of course, L
needs not be positive; see [BinGolTeu87] for this trivial extension of the

notion of slow variation.) Let G be the spectral measure of {&,} such that
r(n) = [T "™ G(dx).

Lemma 3.4.1 [DobMaj79] Define {G,,n=1,2,...} by
n? A
G,(A) = — G(— N[—m, 77)), A € B(R). 3.4.2)
L(n) n

Then there exists a locally finite measure Gy such that G, — Gg (vaguely) and
for any ¢ > 0, A € B(R), Gy(cA) = c?Gy(A).

(See, e.g. [EmbKIuMik97, p. 563], for a definition of vague convergence.)
Let Zg, be the random spectral measure corresponding to G, and put
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Xy(1) = ij Bulxs + -+ x) Zo (da)Zg (dx). (343

This is the Hermite process defined in (3.3.4).
Let fbe a function satisfying E[f(&))] = O, E[f(go)z] < 00, and expand f by
Hermite polynomials as

f0) = Hi),
j=0

where H;(x) is the Hermite polynomial whose leading coefficient is I,
¢ = (l/j!)E[f(go)Hj(fo)], and the convergence is taken in the sense of mean
square. Define

k = min{j | ¢; # 0},
this k being referred to as the Hermite rank of f. By the assumption

E[f(&)] =0, ¢y =0 so that k = 1.

Theorem 3.4.1 (Noncentral limit theorem [DobMaj79, Taq79]) Let k be
the Hermite rank of f and {§,,n € Z} stationary Gaussian random variables
introduced at the beginning of this section, and assume that (3.4.1) holds for
some q with 0 < g < 1/k. (We define G, in Lemma 3.4.1 by using this q and
further Xo(t) by (3.4.3).) If A, = n' "> L(n)*"?, then

1 [nr]
X,(0) = = > [(§)= X,
n j:1

Notice that the multiplicity & of the integral of the limiting ss process {X(¢)} is
identical to the Hermite rank of f.

Sketch of the proof of Theorem 3.4.1. If we put
fG) = el ) + £ (),

where f; (x) = Z;’iﬁ 1 ¢jH;(x), we can easily verify that, under our assump-

tions,
2
E[ ]—>0.

For this, the condition g < 1/k plays an essential role. Hence it is enough to
show that, when f(x) = H,(x), X,,(#) converges to X,(7). Note that

[nt]

FYA()

n j=1

§= r " Zg(dx),

-
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where Z; is the random spectral measure corresponding to the spectral
measure G of the stationary sequence {&}. On the other hand, it is known that

"

Hk(J e"""ZG(dx))ijlf )keif(x‘+"'+"k)zc(dx,)-~-ZG(dxk)

[Ito51]. From these, we have that

" ei(xl+~-+xk)(ei[nt](x]+-~-+xk) -1

1
Xl =4~ Zodny )+ Zo(d
n() An J\[fﬂ-q-r)/" ei(x]+...+xk) _ 1 G( .Xl) G( xk)’

and by the change of variables x; = y;/n,

’ Oy

nl—kq/ZL(n)k/Z J‘[fmr,mr)k ei(y1+-»<+yk)/n -1

(ei([nt]/n)(y]Jr---erk) _ 1) (dY1 ) ZG(dyk)

If we define G, as in (3.4.2) of Lemma 3.4.1 and again use the change of
variables formula, we can rewrite the above as an integral with respect to the
random spectral measure Zg corresponding to G,,:

X, (1) =

' SO ity )
_ e \\nt|/n it St TYE) .
nots| (e 1) 2o, (dy1)~Z, (dy)
"

= J’[7 )kfn(yl’ ”'ayk)qbl(yl + e+ yk)ZGn(dyl)“'ZG“(dyk),

where

i([ntlin)(yy +-+y,
f ( ) t(y|+ Ay l(yl oy Yin . el([ﬂ 1)y )k)_l
nY1s - Vi o0yl _q Tt 1

and ¢, is defined in (3.3.3). Then f, — 1 (uniformly on every bounded
domain) and G, — G, (vaguely, by Lemma 3.4.1). The limit X(¢) is obtained
by replacing f,, by 1 and G, by G, in the above expression for X,,(¢). It remains
to justify this interchange of limits; this can be done by a standard Fourier
transform argument. [J

Remark 3.4.1 In Theorem 3.4.1, the condition 0 < g < 1/k is essential for
the validity of the noncentral limit theorem. This condition assures that the
order of Var(} /- f(§)) is greater than n, implying that the random variables
{f(&).j = 1,2,...} are strongly dependent. This is the reason why non-Gaus-
sian limits appear and why the theorem is called the noncentral limit theorem.
What will happen if the order of Var(zj'-’zl f(&)) is n or nL(n), L being slowly
varying? This corresponds to the case ¢ = 1/k, and it is known that the central
limit theorem again holds [BreMaj83, GirSur85, Mar76, Mar80].
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Another interesting limit theorem is given by Major [Maj81a]. Under the same
condition as in Theorem 3.4.1, put

{w—'sgng), j#0,
C. =
J 0’ j _ O,
with kq/2 — 1 < y < kq/2, v # 0, and define
&= Z ciHi(§+))-
j=—

Here H,(-) is the kth Hermite polynomial, as before.

Theorem 3.4.2 [Maj8la] Under the same assumptions as in Theorem 3.4.1,
if we take A, = n' "V X2 L), then

1w .
A—ZQ:X(I),

n =1

where
X(@) = CJ by (o e ) g e Y
R

sgn(xl + .+ )Ck) ZGO (dx1)~~-ZGO(dxk),

and Gy is also the same as in Theorem 3.4.1.

This limiting process {X(¢)} belongs to the class of selfsimilar processes
constructed in Theorem 3.3.1, and is H-ss, si, with H = 1 + y — kq/2 € (0, 1).

Remark 3.4.2 If we take v = kq/2 — 1/2, then H = 1/2, which is the same as
Brownian motion. However, unless k£ = 1, it is non-Gaussian hence not Brow-
nian motion. On the other hand, this process has properties similar to Brow-
nian motion, namely, E[X(H)X(s)] = min{z, s} and its disjoint increments are
uncorrelated as seen in Section 3.2; they are, however, not independent.

3.5 STABLE PROCESSES

In this section, we discuss some basic facts on stable processes for later use.
Most results in the following three sections can also be found in the excellent
book on stable processes by Samorodnitsky and Taqqu [SamTaq94]. Recall
that {X(¢)} is a Gaussian process if all joint distributions are Gaussian. Stable
processes are a generalization of Gaussian processes. The marginal distribu-
tion of a Gaussian process, centered at the origin, is symmetric. So for simpli-
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city, we restrict ourselves here to the symmetric case. We have already given
the definition of a symmetric stable random variable (see Definition 1.4.2).

It is known that a real-valued random variable & is symmetric a-stable
Sas), 0 < a = 2, if and only if its characteristic function satisfies

E[emg] = ¢ clo", ER,

for some ¢ > 0 (scaling parameter). We write & ~ SaS(c) when we want to
emphasize the scaling parameter c.

Remark 3.5.1 For 525, i.e. « = 2, we have the Gaussian case.

Definition 3.5.1 A real-valued stochastic process {X(t)} is said to be SasS if
any linear combination ® j— a;X(ty), a, € R, is SaS(c), where ¢ > 0 depends
On (A1, .oy Qyytyy ey by).

In the symmetric case, stability of all linear combinations implies stability of
all joint distributions; see [SamTaq94, Theorem 2.1.5]. In order to construct
examples of selfsimilar processes with infinite variance, we need the notion of
an integral with respect to a symmetric stable Lévy process {Z,(?),t € R},
including the Wiener integral which is an integral with respect to Brownian
motion. Here {Z,(¢),t = 0} is a Lévy process such that £(Z,(¢)) is SaS. We
extend the definition of {Z,(¢),t = 0} to the whole of R in the following way.
Let {fo) (t),t = 0} be an independent copy of {Z,(¢),t = 0} and define for
1 <0, Z(1) = Z(—1). Note that {Z,(1)} satisfies

E[ei92a<’>] =M geR

Without loss of generality on scaling, we assume that ¢ = 1. Therefore, for
each t, Z,(t) ~ SaS(|t]).

Theorem 3.5.1 Let0< a=2and A CR.If
J [ FOO|* dx < o0,
A

then a stable integral
1= | fwdz,
can be defined in the sense of convergence in probability. Further,
1) = saS( | 1ol ax).

that is, I(f) is SaS. When a = 2, E[([ 4f(x)dB(x))*] = [ o f(x)*dx.
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The proof of this result can be found in [SamTaq94]. One first verifies the
theorem for simple functions f(x) = Zj'»’:l le(zj,, ,,jl(x) and then passes suitably
to a limit.

Theorem 3.5.2 If {f,(-),t = 0} is a set of measurable functions and if
JE[f,(x)|adx < 00, for each t = 0,
then the process {X(t),t = 0}, defined by
X0 = | fwazo. =0
is a Sas process.

Proof. 1t suffices to apply Definition 3.5.1 and Theorem 3.5.1 to the integrand
ZZ:] akftk x). O

The following result on independence of stable integrals will be used later.

Theorem 3.5.3 [Sch70, Har82], see also Theorem 3.5.3 in [SamTaq94]
Let 0 < a < 2. Two stable random variables I(f) and I(g) are independent if
and only if f(x)g(x) = 0 almost everywhere.

Remark 3.5.2 When a =2, Theorem 3.5.3 does not hold. For an easy
example take f(x)=1, x € [0,2] and g(x)=—1, x € [0,1], glx) =1,
x € (1,2]; then f(z)f(x) dB(x) = B(2), f%g(x) dB(x) = B(2) — 2B(1), which
are clearly uncorrelated, and hence independent.

3.6 SELFSIMILAR PROCESSES WITH INFINITE VARIANCE

In this section, we discuss selfsimilar symmetric stable processes with station-
ary increments (abbreviated as H-ss, si, SaS processes). We recall the char-
acterizations for Brownian motion and the stable Lévy process in terms of
selfsimilarity, as mentioned in Theorem 1.4.2. Namely, suppose that the
process {X(¢)} is H-ss (H > 0), si, ii (independent increments) and Sas,
0 < a = 2. Then {X(#)} is a Brownian motion when « = 2 and a SaS Lévy
process when 0 < a < 2, and H = 1/«. Because of this fact, the processes we
will treat are selfsimilar processes with dependent increments.

H-ss, si, SaS processes have two parameters H and a (H >0 and
0 < a = 2). However, there is a restriction for H and «.

Theorem 3.6.1 [KasMaeVer88] For H > max(l,1/«), such an H-ss, si,
SasS process does not exist.
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Proof. Let {X(t)} be H-ss, si, SasS. It is known that E[|X(1)|"] < oo for
any v € (0,), but E[X(1)|*] =00 if a<2. Suppose «> 1. Then
E[|X(®)|] < o0. By Theorem 3.1.1 (i), H < 1. Suppose 0 < a < 1. Then by
Theorem 3.1.1 (i), H < 1/y for any 0 < y < . Thus H = 1/«, and H cannot
be greater than max(1, l/a). [

A generalization of fractional Brownian motion to the case 0 < a < 2 leads to
linear fractional stable motion.

Example 3.6.1 [TaqWol83, Mae83, KasMae88] Let 0 < H <1,
0<a=2, ab€&R, |al+1|bl>0. Linear fractional stable motion
{Ay.o(a, byt),t = 0} is defined by

(o)

Ay ola,bit) = J [a{(, — Ve _ (_u)g—ua}

—00

+b{(t — )iV (—u)‘i’*““}]dza(u), (3.6.1)

where x; = max(x,0), x_ = max(—x,0) and 0°=0, even for s=0.
Aj/aa(1,051) is a SaS Lévy process.

Theorem 3.6.2  The linear fractional stable motion { Ay ,(a,b; 1)} is H-ss, si,
SaS.

Proof. Since
fw) = a{(t — )M~y i"”“} + b{(t — wyf Ve _ (—u)i"”“}

isin L(R)if 0 <H < 1land 0 < a =2, {Ay,(a,b;1)} is a Sas process by
Theorem 3.5.2. The property of H-ss can be proved in the following way.
Consider Ay ,(a,b;ct) in (3.6.1), change the variable u to cv and use the
selfsimilarity of Z,, i.e. Z,(cv)=c*Z,(v), to obtain

Ay o(a, b;ct) £ CHAH,a(a, b;1).

That Ay ,(a, b; -) has statiorglary increments follows from the si property of Z,,,
that is, Z,(u + h) — Z,(h=Z,(uw). O

Suppose o = 2. Then for each H € (0, 1), all linear fractional stable motions
{Ayo(a, by 1)} are (up to a constant) equivalent to each other in law and to
fractional Brownian motion By(-); this is a direct consequence of Theorem
1.3.3. However, the situation is different when o < 2.

Theorem 3.6.3 [CamMae89, SamTaq89] Ler 0<H<I1, 0<a<2
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H # 1/, and let a, a', b, b’ be real numbers satisfying la|l + |b| > 0 and
|a'| + |b'| > 0. Then we have that

! N S S
{WAH’“(C” § t)} - { Cotal, o) el b5 f)}’ (3.62)

@@m=ﬂl

{1 — vy — (e

with

af(1 =l = =l

a a
dv}

if and only if
(i) a=d =0or
(i) b=b'=0o0r
(iii) aa'bb’ # 0 and ala’ = bIb'.

This theorem is proved for a € (1,2) in [CamMae89] and then for any
a € (0,2) in [SamTaq89]. See also Theorem 7.4.5 in [SamTaq94].

Another generalization of fractional Brownian motion to the case 0 < o <
2 is harmonizable fractional stable motion.

Example 3.6.2 [CamMae89] Let 0 < H <1, 0 < a < 2. Harmonizable
fractional stable motion {®y (1)t = 0} is defined by

0 itA

e 1 CH-la ™
Oual) = | S AN i 0,

where M, is a complex rotationally invariant a-stable Lévy process.

Remark 3.6.1 When a = 2, {®,(#)} yields another representation of frac-
tional Brownian motion.

Theorem 3.6.4 [CamMae89] The harmonizable fractional stable motion
{On (D)} is H-ss, si, and a rotationally invariant complex a-stable process.

In Theorem 3.6.1 we claimed that, if {X(#)} is H-ss, si, SaS, then
H = max(1, l/a). A relevant question then is whether there exist H-ss, si,
SaS processes for any given pair (H, «) satisfying 0 < H = max(1, /),
0<a=2For0<H<1,0< a=2,linear fractional stable motions (frac-
tional Brownian motion when « = 2) are such examples. For H = 1, the
process {X(t) = &}, where & is a SaS random variable, is such a process.
For H>1 and H = l/a, stable Lévy processes yield examples. For
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1 < H < l/a, (necessarily a < 1), the following examples can be given.
Examples can be constructed for any 172 < H < l/a, 0 < ¢ < 2.

Example 3.6.3 [Har82, KonMae91a] (Sub-stable processes) Let
0<a<?2,a<B=2{Y()}beaSBSLévy process and £ be an (a/B)-stable
positive random variable. Moreover suppose that {¥(f)} and ¢ are indepen-
dent. Define

X(0) = &Py ().
Then {X(¢)} is 1/8-ss, si, SaS, where 1/2 = 1/8 < 1/, 0 <a< 2.

Proof. We have, using Fubini’s theorem, that

E[exp {i@ ; akX(tk)}] = EgEy[exp{i(?f”B Z akY(zk)H
k=1 k=1
= Eg[exp {—c|0§”8|ﬁ}],

where ¢ = c(ay, ..., a,, 1, ..., 1,) and E¢ and Ey are expectations with respect to
& and Y, respectively. The above is equal to

= Efexp{—cl6l’4]]
= exp{—c'|6°|F}

= exp{—c'0]°},

where we have used E¢[exp { —z§}] = exp { —za/B}. Thus {X(¢)} is SasS. The
fact that {X(¢)} is 1/8-ss, si follows from the same property of {Y(r)}. O

Because of the above, we can restate Theorem 3.6.1 as follows.

Theorem 3.6.5 Let 0 < a = 2. A necessary and sufficient condition for the
existence of H-ss, si, SaS processes is that 0 < H = max(l, /).

We now turn to 1/a-ss, si, a-stable processes. As we have seen, the additional
assumption of independence of increments yields an a-stable Lévy process.
Then the problem is whether 1/a-ss, si, a-stable processes are necessarily
a-stable Lévy processes, without the additional assumption of the indepen-
dence of increments.

Theorem 3.6.6 If a=2o0r0 < a<1, then 1/a-ss, si, a-stable processes



SELFSIMILAR PROCESSES WITH STATIONARY INCREMENTS 33

are necessarily a-stable Lévy processes. If | = a < 2, then there exist 1/a-ss,
si, a-stable processes other than a-stable Lévy processes.

Proof. (i) When a = 2, only Brownian motion has such a property. In general,
an H-ss, si, 2-stable process is necessarily fractional Brownian motion {Bg(f)}
(see Theorem 1.3.3) and {By(#)} with H = 1/2 is Brownian motion.

(ii) For 0 < a < 1, see Theorem 7.5.4 in [SamTaq94].

(iii) When a = 1, consider X(¢) = &, where £is a 1-stable random variable.
This is obviously a 1-ss, si, 1-stable process but not a 1-stable Lévy
process, because it does not have independent increments.

(iv) For 1 < a <2, see Examples 3.6.4 and 3.6.5 below. [

Example 3.6.4 (Sub-Gaussian processes) Let 0 < a < 2, and let £ be an
a/2-stable positive random variable and {Y(¢)} a mean zero Gaussian process
independent of & Put X(r) = §1/2Y(t). This process is called a sub-Gaussian
process. A calculation of its characteristic function shows that {X(¢)} is an
a-stable process as in Example 3.6.3. More precisely, let R(s, 1) = E[Y(s)Y(?)]
and use that E[exp { —z&}] = exp {—z**}. Then

E[exp{ie S akX(tk)}] = E[exp{i@i akng(tk)}]
k=1 k=1

= EgEY[exp{iﬁfm i akY(tk)}]

k=1

1 n
= E§ [CXP‘[_ 5 |9|2§kz akajR(tk, t])}]
J=1

al2
1 n
= eXp{—|0|a|:§ Z akajR(tk’ tj)] } (363)
kj=1

Suppose that 1 < a < 2. If we take a fractional Brownian motion By, as the
Gaussian process {Y(7)}, then we see that {X(7)} is 1/a-ss, si. However, as will
be shown in the following lemma, {X(¢#)} cannot have independent incre-
ments, and hence, it is not an a-stable Lévy process.

Lemma 3.6.1 Nondegenerate, jointly sub-Gaussian random variables
cannot be independent.

Proof. Let X; and X, be nondegenerate jointly sub-Gaussian such that X; =
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§1/2Y1, X, = §l/2Y2, Y, and Y, are jointly Gaussian, and r;; = E[Y;Y;]. Then by
(3.6.3)

) 1 al2
E[exp{l(ale + (12X2)}] = exp{—[ 5((1%}"11 + 2(116121‘12 + Cl%rzz):l }

On the other hand, if X; and X, are independent,
Elexpfi(a; X, + a,X,)}] = E[expfia; X, }|E[expfia,X,}]

1 ) al2 1 ) al2
:eXP{_(Eal"n) _(502”22) }

) ,  \a2 s \@2 [, a2
(al"n + 2aja,r, + az"zz) = (611”11) +(“2’22) ,

Thus, we have for all a;, a, € R,

meaning that
X2+ 1= (Ix* + 1)2/a for all x € R,

where p = rlz(r“rzz)*”z € [—1, 1]. However, this is impossible. [

Example 3.6.5 [KasMaeVer88] (Log-fractional stable motion) Define

(o)

Ajog(H) = J_ log t_—u‘dZa(u).

u

This process is well-defined for 1 < @ < 2, and SaS by Theorem 3.5.2. It is
also easily checked to be 1/a-ss, si. When o = 2, it is a Brownian motion.
Indeed, it was shown in Theorem 1.3.3 that a 1/2-ss, si Gaussian process is a
Brownian motion. This representation for Brownian motion yields another
example for Remark 3.5.2. However, when a < 2, it cannot have independent
increments. Indeed, consider disjoint increments of {A,,(#)}. The integrands
of these stable integrals do not have disjoint supports. By Theorem 3.5.3, these
increments are not independent, and hence the process is not an a-stable Lévy
process.

For a further interesting example of a process which is H-ss, si with
H > 1/2, see Theorem 3.8.2.

3.7 LONG-RANGE DEPENDENCE (II)

The dependence between increments of selfsimilar processes with stationary
increments, not having finite variances, cannot be measured by correlations.
Taqqu and his collaborators used a notion measuring the dependence of incre-
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ments of selfsimilar stable processes with stationary increments. (See
[SamTaq94, Sections 2.10 and 4.7].)

Definition 3.7.1 Let 0 < a =2 and let (X,Y) be a two-dimensional SaS
random vector, and suppose that X ~ SaS(oy), Y ~ SaS(oy) and
X — Y ~ SaS(oX_y). The “codifference” 7y y is defined by

Txy = Ox + 0y — o%_y.
Remark 3.7.1 If X and Y are independent, then 7y y = 0; indeed

o%_yl01* = — logE[em(X*Y)]
= — logE[eiex] — log E[eii@y] = (0% + ay)lol“.
Remark 3.7.2 When o =2, 74y = Cov(X,Y). Indeed, when o =2,
0'?( = %VarX. Thus,

Xy = %(VarX + VarY — Var(X — Y))
= l(E[XZ] + E[Y*] - E[(X — Y)z])
2

= %2E[XY] = Cov(X, Y).

Here we have used, without loss of generality, that the means are zero.

The above definition can be used only for symmetric stable random vari-
ables, but the following characteristic function based notion can be used for
general random variables. Let {Y(#)} be a stationary process. Define

U(6,, 6,;1) = E[ei(e1 Y(t)+02Y(0))] B E[ei"l Y(t)]E[e“’ﬂ(O)]
and
161, 6:0) = _logE[ei(Gl Y(IHGZY(O))] + logE[e”’l Y(t))] + logE[ei"ZY(O)].
We have that
U(6,, 0,;1) = K(6,, 92)(6—1(01,92;,) _ 1)’
where

K(Ol, 92) — E[eiGIY(t)]E[eiGZY(O)] _ E[eiOIY(O)]E[eiOZY(O)].
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If 1(6,, 6,;1) — 0 as t — oo, then
U(6y, 0,:1) ~ —K(6;, ,)I(6y, 0,51),

and thus checking dependence by U is the same as by /. For simplicity, we
write () = Ty ye)- If Y(©) and Y(0) are jointly SaS distributed, then
() = —I(1,—1;1).

Remark 3.7.3 If 1(6;, 6,;t) — 0 as t— oo, then the stationary process
{Y(r)} is mixing, namely

ltgn |P(A N B)— PAPMB)| =0
for any A € o{Y(s), s =0}, B € o{Y(s), s =t} (see [Mar70]).

For an application of the above, let us calculate the dependence structure of a
linear fractional stable motion, discussed in Example 3.6.1. For simplicity take

X = [ (1=l — 1)z, ),
R

and consider the stationary increments

Y,=Xn+1) — X(n).

Theorem 3.7.1 [AstLevTaq91]
(i) f0<a=s1 0<H<lor l<a<2 1l-lala—1)<H<I,
H # 1/a, then

1(6y, 6,;n) ~ B(6;, 0,)n*" ™,
m(n) ~ —B(1, —1) n*1~2, (3.7.1)
(i) f1<a=20<H<I1-1aa—1), then
1(6y, 6,;1) ~ F(6y, 6)n" 171,

m(n) ~ —F(1, — D Vet

Here B(6,,6,) and F(0,, 6,) are positive constants which can be calcu-
lated explicitly.

Remark 3.7.4 When « = 2, it follows from (3.2.1) with H # 1/2 that the
covariance r(n) satisfies

r(n) ~ cn?fl—2,
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for some C # 0. This corresponds to (3.7.1) with « = 2. The statement (ii)
above shows, however, that this analogy does not hold when H is small.

When one wants to show that two SasS stationary processes are different, we
may be able to use 7(¢) or /. If their asymptotics are different, they are different
processes. There are some SaS stationary processes where the 7(f) are the
same, but the 1(6;, 6,; 1) are different for some 6, 6,. In this sense, even in
the case of SaS processes, [ is more useful than 7.

Another interesting idea for measuring the dependence was given by Heyde
and Yang [HeyYan97]. Suppose {X;} is a stationary sequence, centered to
have zero mean when the mean is finite. They say that the sequence is long-
range dependent in the sense of sample Allen variance (LRD(SAV), for short)

if
(Zm Xj)
=i

S 2
2 X;
j=1

— o0

in probability as m — oco. This definition does not require any moments to
exist. The following result was obtained.

Theorem 3.7.2 [HeyYan97] Let {X(¢)} be H-ss, si, and suppose that
E[IX(1)|P] < oo for some 0 < p < 2. Then LRD(SAV) holds if H > 1/p.

This corresponds to the case H > 1/2 in Section 3.2.

3.8 LIMIT THEOREMS (I1I)

We now concentrate on two selfsimilar processes discussed in Section 3.6 and
give some limit theorems. The two processes are:

w B B 1
Xm:Ji (|t—u|H Ve _y|H ”a>dZa(u), (=0, 0<H<I1 H#—,

and

t—u

u

dzZ,(w), t=0, 1 <a=2.

X(1) = ro log

Suppose {X;,j € Z} are independent and identically distributed symmetric
random variables satisfying

1 & d
WZX]»—» (D). (3.8.1)
j=1
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Take 6 such that 1/ — 1 < & < 1/a, and define a stationary sequence

Yo=> X k=12,
j€z

where
0, if j =0,
c;i=17J , if j >0,
—[jI7%7h ifj<o.
We can easily see that the infinite series {Y } is well defined for each k and Y},
does not have finite variance unless « = 2. Define further for H = 1/a — 9,
1 [nt]
W, () = — > Yy (3.8.2)

L

Theorem 3.8.1 Under the above assumptions,
1
—X,(t) when 6 # 0,
W] e
X5(1) when 6 = 0.

Remark 3.8.1 If 6§ < 0 (necessarily @ > 1), then H = 1/a — 6 > 1/a.. Thus
the normalization n” in (3.8.2) grows much faster than n'® in (3.8.1), the case
of partial sums of independent random variables. This explains why {Y}}
exhibits long-range dependence.

We give an outline of the proof of Theorem 3.8.1.

Step 1. For m € Z and t = 0, define

[t]—m

= > ¢

j=l=m
where > ;'{_,, means 0. Then we have that

W,y =n""> ¢, (X,

me”Z

Step 2. For any t,...,t, = 0 and 0,,...,0, € R,
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a

>

mezZ

n i c9jcm(ntj)
=

Step 3. Denote the characteristic function of X; by A(6), & € R. Then we have
that

du when 6 # 0,

1 & _ _
W;ej(nj—m S ul 5)

o

1) t —
ll ul du when 6 = 0.

Z Ojlog = |ul

J=1

logA(0) ~ —|6]* as 6 — 0,

[MaeMas94].
Also
limn ¥ supc,,(n) =0,
[Mae83].

Step 4. We have that

[ p
I, =E exp{nH Z OjWn(t)}]
L J=1

=E exp{n_Hi 0; Z cm(ntj)Xm}]
B =1 mezZ

_E _]‘[ A(n”j_i efcm(”ff))]

_mEZ

and, by Steps 2 and 3,

[ )4
lim I, = lim E| [ ] )\(n_H D ejcm(mj))]
J=1

n—oo n—oo
mez

B P
= lim E exp{ Z logh (n_H Z Gij(”tj)) }]
e | meZ Jj=1
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r — o 1 ) N
E CXP{_J Tol D ¢9j(|tj —ul ™% = ul 5) du}] when & # 0
; T
[ AN It — ul \|*
Efexpy— J_w Z 6;log M du when 6§ =0
L L J=1
o - 1 p
E| exp iﬁ z 0,X, (tj) when 6 # 0
i =1
- [ P
E|expii> 6X,(1) when 8 =0,
. L j:l

where at the last stage, we have used that, for f & L*(R) and
Xo = [T f ) dZo(u):

E[eiex“] = exp{—l@laj [f(u)l“du}.
(See Theorem 3.5.1.) The above Step 4 gives us the conclusion. [

Kesten and Spitzer [KesSpi79] constructed an interesting class of ss, si
processes as a limit of random walks in random scenery, where the limiting
process is expressed as a stable-integral process with a random integrand. Let
{Z,(),t € R} be a symmetric a-stable Lévy process (0 < a =< ?2) and
{Zs(1),t € R} a symmetric B-stable Lévy process (1 < 8 = 2) independent
of {Z,(1)}. Let L,(x) be the local time of {Zg(#)}, that is

N
L(x) = 1811151 1 Jo I[Zﬁ(s) eEx—gex+ 8)] ds,

which is known to exist as an almost sure limit if 1 < 8 = 2 [Boy64]. Then
we can define

X(1) = Jw L) dZo(v)

and {X(r), t = 0} is H-ss, si, with H = 1 — 1/8 + 1/aB(> 1/2), since {Z, (1)}
is a semimartingale.

A limit theorem for this process {X(7)} is given as follows. Let {S,,n = 0}
be an integer-valued random walk with mean O and {&(j),j € Z} be a
sequence of symmetric independent and identically distributed random vari-
ables, independent of {S,} such that
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1 &, d 1 4
Ta > &)—=2z,1)  and nl—/BS"_’ZB(l)'
=

The new stationary sequence {&(S;)}, which is a random walk in random
scenery, is strongly dependent.

Theorem 3.8.2 [KesSpi79] Under the above assumptions, we have that

1 [nt] 00
7 2 &SY) 5 j L(xX)dZ(x).
k=1 —
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Chapter Four

Fractional Brownian Motion

Although we have mentioned fractional Brownian motion in Section 1.3, we
discuss this important process in more detail in this chapter.

4.1 SAMPLE PATH PROPERTIES

When two stochastic processes {X(7)} and {Y(¢)} satisfy P{X(r) = Y(¢#)} = 1
for all + = 0, we say that one is a modification of the other. It is well known
that Brownian motion has a modification, the sample paths of which are
continuous almost surely, but sample paths of any modification are nowhere
differentiable. As it turns out, these facts remain true for fractional Brownian
motion.

We say that a stochastic process {X(¢),0 = ¢ = T} is Holder continuous of
order y € (0, 1) if

X(t, w) — X(s, w
Pilw€ Q, sup 1X(t, @) 7( )ls‘d =1,
0<t — s<h(w) |t - Sl
s,1€[0,T]

where 4 is an almost surely positive random variable and 6 > 0 is an appro-
priate constant.

Lemma 4.1.1 (A general version of Kolmogorov’s criterion) If a stochas-
tic process {X(t)} satisfies

E[IX(t) - X(s)|5] =Clr—s|"%, Vi, 4.1.1)

for some 6> 0, £ > 0 and C > 0, then {X(t)} has a modification, the sample
paths of which are Holder continuous of order vy € [0, &/0).

For a proof, see for instance [KarShr91, p. 53].

Theorem 4.1.1 Fractional Brownian motion {By(t)}, 0 < H <1, has a

modification, the sample paths of which are Holder continuous of order
B € [0,H).
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Proof. Choose 0 < y < H. Then we have by selfsimilarity and stationary
increments of {By(?)},

E[ 1) — Bu(s)|""| = £ 1Bl — sD|"”]

= It = sI"E[ 1Bx(1)|"].

Then (4.1.1) is satisfied with 6 = 1/y and & = H/y — 1. Thus, there exists a
modification which is Holder continuous of order 8 < (H/y— 1)y=H — v.
Since vy can be arbitrarily small, the result follows. [

Theorem 4.1.2 [Ver85] Suppose {X(¢)} is H-ss, si. If H=1 and
P{X() = tX(1)} = 0, then the sample paths of {X(t)} have infinite variation,
almost surely, on all compact intervals.

Remark 4.1.1 Theorem 4.1.2 does not hold for H > 1, as can be seen from
the a-stable Lévy process with o < 1.

Corollary 4.1.1 Sample paths of fractional Brownian motion have nowhere
bounded variation.

Since fractional Brownian motion is H-ss, si, 0 < H < 1, Corollary 4.1.1 is a
direct consequence of Theorem 4.1.2.

Define a partition of [0, 77 as the set of pairs of consecutive dividing points,
namely

A” = {(tO’tl)’(tl’t2)s""(tk*1’tk) N O = to < tl < e << tn = T}

Also define [A,| = max{|; —_,|,1 =j=n} and consider sequences of
partitions A, with lim,_,, |A,| = 0. The following result is due to Rogers
[Rog97].

Lemma 4.1.2 Fix p > 0. Then, using the above notation,

4
Vapi= > [Buttin) = By
1,EA,
0 ifpH>1
+oo if pH <1

in the sense of convergence in probability, as n — .

Hence if p < 1/H, then V), := lim,_, V,,, is almost surely infinite, possibly
along a subsequence if necessary.
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Theorem 4.1.3 Sample paths of fractional Brownian motion {By(t)} are
almost surely nowhere locally Hélder continuous of order vy for y> H in
the sense that there is no interval on which they are Hélder continuous of
order .

Proof. Suppose that for some y > H,
|By(t) — Bu(s)| = Clt — s|”
for all ¢, s € [0, T] and choose p such that H < 1/p < . Then
Vip= > |Byu) = BywP’= C°T|A, 177",

(u,V)EA,

where the left hand side diverges by Lemma 4.1.2 and the right hand side
converges to zero. This completes the proof. [

Nowhere differentiability of sample paths of fractional Brownian motion is
shown as a corollary of a theorem in [KawKon71], where the authors proved
nowhere differentiability of sample paths for a class of Gaussian processes
including fractional Brownian motion.

4.2 FRACTIONAL BROWNIAN MOTION FOR H # 1/2 IS NOT A
SEMIMARTINGALE

In this section, we show that fractional Brownian motion, for H # 1/2,is not a
semimartingale. Though this result has been known for a long time in the more
mathematical literature, in more applied publications, especially in finance,
the consequences of this result resurfaced only fairly recently. A proof for
H > 1/2 can be found in [Lin95]. The case 0 < H <1 (H # 1/2) can be
found in [Rog97]. For an early discussion and proof, see [LipShi89, p. 300,
Example 2]. Of course, Brownian motion ({ By(¢)} with H = 1/2) is a martin-
gale. This allows us to construct the so-called 1t6 calculus with respect to
Brownian motion. On the other hand, the role of fractional Brownian motion
has been increasing. As a consequence, stochastic integrals with respect to
fractional Brownian motion are needed. The non-semimartingale property
implies that the “classical” construction and properties do not hold. The
classical theory therefore has to be adapted. We shall return to this point in
Section 4.3.

Theorem 4.2.1 {By(t)}, H # 1/2, is not a semimartingale.

Proof. (i) Case 1/2 < H < 1 [LipShi89, pp. 299-300]. We first show that if
1/2 < H < 1, then the quadratic variation of {By(f)} is a zero process.



46 CHAPTER 4

Consider a sequence of partitions of [0,7], A, with lim,_ |A,| = 0. By
selfsimilarity, we can assume that 7 =1 by scaling. We have that, if
E[By(1)*] = 1, then

E[ Z | By () — By (v) |2:| . Z v —u

(u,v)EA, (u,V)EA,

2H—1
_ 2H—1 _ V—u
=S oo (457)

uEAN,

< IA”lZH*l_) 0,

as n — oo, since 2H > 1. If {By(¢)} were to be a semimartingale, it would
have a Doob—Meyer decomposition By (t) = M(t) + V(¢), where {M(¢)} is a
continuous local martingale and {V(#)} is a finite variation process with
M(0) = V(0) = 0. Denote by [Z, Z], the quadratic variation process of a semi-
martingale {Z(7)}. Then by the above observation,

0 = [By, By|,= [M,M),.
By the Burkholder—Gundy-Davis inequality, {M(#)} is itself a zero process,

and hence {By(t)} = {V(¢)} has finite variation, which contradicts Corollary
4.1.1.
(ii) Case 0 < H < 1/2 [Rog97]. We have that

(i) = (50

n

I, :ZZ

J=1

1 n
< D 1Bul) — By — DI
Jj=1

o 1< . .
=n""M= > 1ByG) = BuG — DI
j=1
Hence by the ergodic theorem,
1< . . 2 2
= 1Bu() = Bu(G — DP— E[1B,()F ] >0
j=1

almost surely, and hence since 0 < H < 1/2,
P{l, =x}—0, Vx €ER, 4.2.1)
so that I, — oo in law and in probability as n — oco. If {By(¢)} were a semi-

martingale, its quadratic variation must be finite almost surely , but this contra-
dicts (4.2.1). O



FRACTIONAL BROWNIAN MOTION 47

4.3 STOCHASTIC INTEGRALS WITH RESPECT TO FRACTIONAL
BROWNIAN MOTION

Due to the popularity of selfsimilar processes in various applications, the
demand for a stochastic calculus based upon such processes has increased
considerably over the last couple of years. Especially SDEs driven by frac-
tional Brownian motion are high in demand, in particular in physics, telecom-
munication and finance. As already stated above, the non-semimartingale
property of By for H # 1/2 (see Theorem 4.2.1) makes the standard construc-
tion fail. Specific choices with respect to the definition of

Jo Y(s) dBy(s)

have to be made. More precisely, we cannot obtain a fully satisfactory theory
when integrating over all predictable processes (predictable with respect to the
filtration generated by fractional Brownian motion). This is a consequence of
the famous Bichteler—Dellacherie theorem; see [DelMey80, VIII.4] and
[Bic81]. Because of the sample path properties of fractional Brownian motion
(see Theorem 4.1.1), for 1/2 < H < 1, fractional Brownian motion has
smoother sample paths than Brownian motion and hence it will be easier to
construct a stochastic integral. Indeed, in this case we can follow a pathwise
Riemann-Stieltjes construction. For 0 < H < 1/2, sample paths of fractional
Brownian motion are more irregular than those of Brownian motion and
therefore other constructions have to be followed. For simulated sample
paths in these cases, see Section 7.4. The most important constructions (for
general H) to be found in the literature either restrict ¢ to specific classes of
functions, use pathwise integration or base a definition on Malliavin calculus.
In each of these approaches, a version of the It6 formula is deduced which
allows for a calculus of SDEs. As far as we are aware, no general consensus on
the “right” approach exists. In view of the sample path (ir)regularity discussed
above, for 1/2 < H < 1, the much easier pathwise approach has to be favored.
Nevertheless, the recent literature abounds with different constructions, even
in this case. For applications to mathematical finance, this is particularly
frustrating because the notion of stochastic integral is intimately linked to
concepts like arbitrage, completeness, strategies, etc. Starting from a Black—
Scholes type of world for the price S(¢) of a financial instrument at time 7,

dS(t) = S()(wdt + odBy (1)),

anaive “replacement” of Brownian motion B, by a general fractional Brow-
nian motion By, H # 1/2, leading to a so-called fractional Black—Scholes
model

ds(t) = S()(wdt + odBy(1)), 4.3.1)

has to be treated with care.
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In [Shi98], Shiryaev takes f € C? and uses a second order Taylor expansion
on fin order to rewrite f(By(¢)) — f(By(0)) in the case where 1/2 < H < 1. A
limit argument yields an interpretation of

t
| 7@ dbuto
leading to an It6 formula of the type

1
1B ) = S Ba®) = | £(Ba(s) dBus)
almost surely.

Note that this formula leads to E [jf) By (s) dBy(s)] # 0 rendering the termi-
nology “Itd type formula” questionable. Shiryaev [Shi98] further discusses
the construction of a fractional Black—Scholes market.

Lin [Lin95] gives a similar construction to Shiryaev’s above. He also
extends the definition of the stochastic integral to cadlag functions using a
Riemann sum based approach. Namely, for

Wis) = > ajl (),
=1

where {t,...,1,} defines a partition of [0, 7],

t n

JO W(s) dByy(s) = > a(Bu(t) — Bu(; — 1),
j=1

An L? limit result establishes the existence of a stochastic integral. A similar
approach is to be found in [DaiHey96]; they also discuss the fractional Black—
Scholes model in their set-up. In [GriNor96] and [DunHuPas00] the above
restrictions on ¢ are slightly different. It is worthwhile remarking that the
change of variable formulae obtained through these constructions are of the
Stratonovich type, hence like the usual result for deterministic functions of
bounded variation. Although this is useful, one typically ends up with proper-
ties like

E[J: Y(s) dBH(s)] # 0.

An excellent survey of the various results in the above approaches, comparing
Stratonovich with Itd, checking whether E[ J' b Y(s) dBy(s)] = 0, and compar-
ing and contrasting the resulting change of variable formulae is to be found in
[DunHuPas00]. Using the notion of Wick products, a new type of stochastic
integral of the Stratonovich type is defined, relating it with the definitions in
[Lin95] and [DaiHey96].

A rather different approach (again 1/2 < H < 1) is taken by Mikosch and
Norvaisa [MikNor00]. The notion of p-variation (0 < p < o0) of a real func-
tion defined on [a, b], say, plays a central role here:
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k
() = vy la,bD) = sup Z|¢<xj> = )|
=

where A = {xg,...,x;} defines any partition on [a,b], xy = a,x; = b. For
v,(h) < 00, ¢ris said to have bounded p-variation. The case p = 1 corresponds
to the usual definition of bounded variation of . Recall the difference between
2-variation and quadratic variation of a stochastic process. The latter is defined
as the limit of the quantities >, ,)ea, [(u) — Y(v)|* provided that this limit
exists. Also recall that sample paths of Brownian motion have unbounded 2-
variation and bounded p-variation for every p > 2. In the case of fractional
Brownian motion (0 < H < 1), By has bounded p-variation almost surely for
any p > 1/H [KawKon73]. Based on these results, the authors show that
Riemann-Stieltjes integral equations driven by sample paths of fractional
Brownian motion are appropriate. The allowable integrands have to have finite
g-variation where 1/p + 1/g > 1. It is easily checked that for 172 < H < 1,
ff)BH(s) dBy(s) exists pathwise; this in contrast to the case H = 1/2 (Brow-
nian motion) for which, for instance, an It6 integral has to be defined. Other
(integration) processes which fit the approach in [MikNor00] are general Lévy
processes. The change of variable rule obtained is similar to the It6’s classical
rule for Brownian motion. Applications to the Langevin equation under addi-
tive and multiplicative fractional Brownian motion noise are discussed. They
also show that for the existence of a unique solution of (4.3.1) one needs that
By has bounded p-variation for some p < 2. So, if H > 1/2, then v,(By) < 00
for 1/H < p < 2, and hence the fractional Black—Scholes stochastic differen-
tial equation (4.3.1) has a unique solution. The paper contains various refer-
ences for further reading.

Using Malliavin calculus, [DunHuPas00] also contains a definition of an It6
type integral [ o F(s) dBy(s) where F is a stochastic process. In their notation, a
change of variable formula of the following type is obtained:

FBu®) — f(By(®) = (1t0) J (Bu)dBys)

+H J; s (B (s)) ds,

almost surely.

It is interesting to note that this formula yields the usual 1t6 formula for
Brownian motion when H = 1/2 is formally substituted.

An interesting paper discussing stochastic integration with respect to frac-
tional Brownian motion By for general 0 < H < 1 is [CarCou00]. The basic
idea underlying their construction is that of regularization. Namely, an integral
with respect to fractional Brownian motion is constructed through a sequence
of approximating integrals. The latter are defined with respect to semimartin-
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gales. For H > 1/4, a natural It6 formula, previously postulated by Privault
[Pri98], is obtained. The authors also compare and contrast their approach
with some of those discussed above. The idea of regularization, together with
applications for option pricing in fractional markets, is also discussed in
Cheridito [Che00b]. Those interested in some further properties of fractional
Brownian motion, including a detailed discussion on arbitrage in such markets
should further consult [Che00a, CheOl1]. Finally, using the ideas of Carmona
and Coutin [CarCou00], Alés, Mazet and Nualart [AloMazNua0O0] develop a
stochastic calculus with respect to fractional Brownian motion with
0 < H < 1/2. The basic tool used is Malliavin calculus. See also [PipTaq00,
PipTaqO1] for an interesting summary in the case H € (0, 1).

At this point, a natural question is for which general selfsimilar processes X
can one define a sufficiently rich notion of stochastic integral

Jt P(s) dX(s).
0

As we have already seen, “good” classes of integrators are fractional Brow-
nian motion and a-stable Lévy processes. For H > 1/2, the pathwise approach
of [MikNor0O] works when X has finite p-variation with p € (1/H,2). The
problem, however, is how to check this latter property. For Gaussian
processes, [KawKon73] gave a solution. For non-Gaussian processes, the
calculation of p-variation properties typically becomes very difficult.
However, if the process is symmetric stable, we can use the idea of represent-
ing symmetric stable processes by infinite series, which are conditionally
Gaussian processes; see for instance [Ros90].

Since boundedness of p-variation follows from Holder continuity, it is
enough to check Holder continuity of sample paths of stochastic processes.
Holder continuity for some selfsimilar processes is studied in [KonMae91b]
as an application of the conditionally Gaussian representation of stable
processes. From the results there, we see that the linear fractional stable motion
Ay o in Example 3.6.1 has bounded p-variation for p > 1/(H — (1/a)), where
1 <a<?2and l/a < H < 1. In this case we cannot find p < 2 for which
Vp(Ap,q) < 00. So, we cannot obtain a Black—Scholes model with driving
process Ay 4.

However, the harmonizable fractional stable motion @, « in Example
3.6.2 is Holder continuous of order ¢ < H and has bounded p-variation for
p > 1/H. Thus, if H > 1/2, a Black—Scholes model with the real part of @ ,
as a driving process is well defined and has a unique solution.

Finally, the above mentioned approach using regularization is useful for
finding interesting practical models which at the same time have nice stochas-
tic properties. Recall for instance the definition of fractional Brownian motion
as given in Theorem 1.3.3. An alternative representation for By is
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t

By (1) = CHJ 0o(qoy(t —u) — @u(—w)) dBu), (4.3.2)
where Cy is a normalizing constant and ¢ (x) = 1[0’00)(x)xH 12 xeR.
Regularization replaces ¢y in (4.3.2) with a new, “better behaved” function
@F so that the regularized process By has desirable properties like: Bi is a
Gaussian semimartingale with the same long-range dependence as fractional
Brownian motion. This approach can also be applied to Ay ,, say, and may
offer an alternative modeling tool for SDEs driven by such processes. The
basic ideas underlying regularization are discussed in [Rog97]; further details
and refinements are to be found in [Che0OO0b].

4.4 SELECTED TOPICS ON FRACTIONAL BROWNIAN MOTION

There are numerous results to be found in the literature which treat special
properties of fractional Brownian motion (as can easily be found out by doing
a literature search on MathSciNet for instance). Below we present some of the
results available. We definitely do not strive for completeness but aim more at
a sample of interesting properties.

4.4.1 Distribution of the Maximum of Fractional Brownian Motion

In many applications, the study of the supremum (up to a time ) of stochastic
processes is important. This problem has been well studied for Brownian
motion, a natural question concerns the generalization to other selfsimilar
processes.

We consider here fractional Brownian motion {By(?),r = 0}. As we have
seen, sample paths of By() with H > 1/2 are smoother than those of Brow-
nian motion. For this reason, we only consider the case H > 1/2.

Introduce the random variable

& = max By(1).

We are interested in the behavior of the distribution of &, for large 7. Note
that, by the selfsimilarity of fractional Brownian motion, we have

X
P{ max By (1) = X} = P{Orggl By(n) = F}

0=t=T

Therefore, the problem of establishing the asymptotics of P{maxy<,<rBy(t)
= x} with x fixed and T — o0 is equivalent to that with fixed 7 and x — O.
For Brownian motion (H = 1/2), it is well known that for any x > 0,

P{& = x} ~ const T~ 2 (4.4.1)
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One wants to generalize (4.4.1) to fractional Brownian motion. The following
argument about fractional Brownian motion is due to Sinai [Sin97].

Introduce a random variable 7, as the first crossing time of level x by By(?).
Since

Piér <x} = Plr, > T},

it is enough to examine the distribution of 7, for large 7. One can show that the
distribution of 7, has a density p, , say. Sinai [Sin97] moreover showed that p,
satisfies a certain Volterra-type integral equation and proved the following
result.

Theorem 4.4.1 For H (> 1/2) sufficiently close to 1/2,
P (T) = const (2H — DT>,
for large T, where |b(H)| = const (2H — 1).

When we are interested in extremes of processes, we have to investigate the
tail probabilities P{&r > x} for large x and T fixed. For this problem, there is
some literature that treats not only fractional Brownian motion, but general
selfsimilar processes with stationary increments. Interested readers should
consult [AlIb98].

4.4.2 Occupation Time of Fractional Brownian Motion

Define R%-valued fractional Brownian motion {By(0),t € R} by
By() = (BY (), ... B 1))

where {Bg)(t)}, 1 =j = d, are independent copies of real-valued fractional
Brownian motion. For a general discussion of selfsimilar processes on R, see
Section 9.1.

Let fbe a bounded mtegrable function on R? such that f= Jref(x)dx # 0.
LetL,(x),t=0,x € R? be a jointly continuous local time of {B(7)} defined
by

JO g(By(w)du = J’Rd gL, (x) dx

for every bounded continuous function g on R.
Then it is easily seen by the existence of the local time and the selfsimilarity
of fractional Brownian motion that if 0 < Hd < 1, then

1 At W=
A |, F(By(s)) ds— fL,(0)
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as A — oo, where 2 denotes weak convergence over the space C[0, c0),
[KasKos97]. In the critical case where Hd = 1, the following result is known.

Theorem 4.4.2 [KasKos97] Letd =2 and Hd = 1. Then

1 eM
1L r@ueyasS L pz,

/ )d
as A — oo, where {Z(t)} is given by

X Xy — X X, — X,—
P{Z([]) = xl""’Z(tn) = xn} = exp{—t_l — % e ”tinl}
1 2 n

(The weak convergence at t = 1 was first proved by [Kon96].)
The following result is also known.

Theorem 4.4.3 [KasOga99] Suppose d =2 and 0 <H < 1. Let o=
1/(1 — Hd) and

Zu(t) = (\/ﬁ)d(l — Hd)L,(0).
Then as H 1 1/d,

Zu(0) = 2(1),

where {Z(t)} is the same as in Theorem 4.4.2.

4.4.3 Multiple Points of Trajectories of Fractional Brownian Motion

Several properties of trajectories of multidimensional fractional Brownian
motion with multiparameters have also been studied. Let {By(¢),t € RV}
be a mean-zero Gaussian process with covariance

1
E[By(0By(9)] = S {IiP + 1sP — I = s},

Consider independent copies {Bg})(t)}, j=1,....,d, of {Bg(¢)} and the process
{By() = (Bg)(t), ...,Bg) ()"}, This is an R%-valued fractional Brownian
motion with multiparameter r € RY. For the Hausdorff measure properties
and multiple point properties of the trajectories of {By(r)}, see [Tal95, Tal98],
[Xia97, Xia98] and the references therein. As an example, we present some
results from [Tal98]. Let N = 1. We consider the problem whether the trajec-
tories of {B(¢)} have k-multiple points, a problem well studied for Brownian
motion.
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Theorem 4.4.4 [Tal98]
(i) If Hd = ki(k — 1), then the trajectories of {By(t)} do not have k-multi-
ple points almost surely.

(it) If 1 <Hd <kl(k—1), then {By()} has k-multiple points almost
surely, and the set of k-multiple points of the trajectories is a countable
union of sets of finite Hausdorff measure associated with the function
o(g) = M D100 10g(1/6)).

(iii) If Hd = 1, then {By(t)} has k-multiple points almost surely, and the set
of such points is a countable union of sets of finite Hausdorff measure
associated with the function ¢(g) = ed(log(lla) log log log(l/e))k .

4.4.4 Large Increments of Fractional Brownian Motion

The results in this section are due to [EIN99].
Let ar be a nonincreasing function of 7 = 0 such that

0= ar = T,
ar . . . .
T is a nonincreasing function of 7 = 0,

In T/aT
1
T—o 11’12 T

=r € [0,00].

Here we set Inu = log(u A ¢) and In, u = In(Inu) for u = 0. Define V; by

Vr= sup Br|Bu(s + ar) — Bu(s),

0=s=T —ar

where

T 12

Bl =24 (m — +1n, T) .

ar
When H = 1/2, the behavior of V; was studied in [CsoRev79, CsoRev81] and
[BooSho78]. Their results are stated as follows.
Theorem 4.4.5 When H = 1/2, we have with probability one,

limsup Vy =1

T—o0

:
liminf Vy = ——,
itV =

where Jr/(r + 1) =1 if r = .

and
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When H # 1/2, general results for V; were obtained by [Ort89]. He estab-
lished the following theorem.

Theorem 4.4.6 We have with probability one,

limsup Vy =1,

T—o0
and if r = oo, then

T—o0

When H # 1/2 and r < oo, [EIN99] obtained the following.
Theorem 4.4.7 Set
7= lim 2L €[0,1].
T—oo T
(i) If0 < H <1 and 7> 0, then we have with probability one,
h;n_. 1£f Vr=0.
(ii) If0 < H = 1/2 and 7= 0, then we have with probability one,

:
liminf Vy = .
it Vr =y

(iii) If 12 <H <1, 7=0 and r > 4714 — 4"), then we have with prob-
ability one,

-
r+1°

hin_) 1(£1f V=

An interesting paper considering so-called fast sets and points for fractional
Brownian motion is [KhoShi00].
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Chapter Five

Selfsimilar Processes with Independent Increments

In this chapter, we discuss selfsimilar processes with independent increments
but not necessarily having stationary increments. We call {X(¢),r = 0} which
is H-selfsimilar with independent increments as H-ss, ii. Selfsimilar processes
discussed in this chapter are R%valued, d = 1.

5.1 K. SATO’S THEOREM

As already seen in Theorem 1.4.2, if selfsimilar processes have independent
and stationary increments, then their distributions are stable. Hence, the class
of their marginal distributions is determined. However, this is no longer the
case for selfsimilar processes without independent and stationary increments.
Actually, as mentioned in [BarPer99], there is no simple characterization of
the possible families of marginal distributions of selfsimilar processes with
only stationary increments. Several authors have looked at this problem. For
instance, O’Brien and Vervaat [OBrVer83] studied the concentration function
of log X(1)* and the support of X(1) in R', gave some lower bounds for the
tails of the distribution of X(1) in the case H > 1, and showed that X(1) cannot
have atoms except in certain trivial cases. Also Maejima [Mae86] studied the
relationship between the existence of moments and exponents of selfsimilar-
ity, as mentioned in Theorem 3.1.1. One of the interesting questions is: Is the
distribution of X(1) outside O absolutely continuous if H # 1? This question
was raised by O’Brien and Vervaat [OBrVer83], but as far as we know it is
still open.

For selfsimilar processes with independent increments, the situation is
better. Below, we use the words marginal and joint in the following way.
For an R‘valued process {X(#)}, a marginal distribution of {X(¢)} is the
distribution of X(¢) on R? for any #; for any n, an n-tuple joint distribution
of {X()} is the distribution of (X(r,),...,X(t,)) on R™ for any choice of
distinct #4, ..., ¢,.

To state the main theorem in this chapter (due to Sato [Sat91]), we start with
the notion of selfdecomposability.
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Definition 5.1.1 A probability distribution u on R? is called “ selfdecompo-
sable” iffor any b € (0, 1), there exists a probability distribution p;, such that

o) = pbop,(),  VoE R (5.1.1)
Remark 5.1.1 Selfdecomposable distributions are infinitely divisible.
Property 5.1.1 Suppose that there exist a sequence of independent R‘-

valued random variables {X;}, sequences a, >0, 1o and b, € R? such
that for some distribution . on R,

ﬁ(an_l ZXJ + bn) — U,
=

where — denotes weak convergence of measures and for every & > 0, the
following asymptotic negligibility condition holds:

>8}:0.

Then w is selfdecomposable. Conversely, any selfdecomposable distribution
can be obtained as such a limit.

lim P{ max

n—oo 1=j=n

-1
a, X;

Many distributions are known to be selfdecomposable, and their importance
has been increasing, for instance, in mathematical finance, turbulence theory
and other fields; see, e.g. [Bar98, Jur97].

The following result links selfsimilarity to selfdecomposability.

Theorem 5.1.1 [Sat91] If {X(1),t = 0} is H-ss, ii, then for each t, L(X (1)) is
selfdecomposable.

Proof. Let u, and u;, be the distributions of X(¢) and X(¢) — X(s), respectively.
By H-ss, we have that

R0 = 11 (a"0)
for any a > 0. We also have, for any b € (0, 1), that
2u(0) = (07, (0) = By (" 0) i (0).

This shows that w, is selfdecomposable. [

Sato [Sat91] also showed that for any given H > 0 and a selfdecomposable
distribution u on R there exists a uniquely in law H-ss, ii process {X(7)}
increments such that £(X(1)) = w.

We now know that the one-dimensional (in time) marginal distributions of
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H-ss, ii processes are selfdecomposable. What can be said about their n-tuple
joint distributions?

Denote the class of all selfdecomposable distributions on R by LO(Rd) and
write I(Rd) for all infinitely divisible distributions on R?. The following
sequence of subclasses Lm([Rd), m=0,1,...,00, was introduced by Urbanik
[Urb72, Urb73] and further studied by Sato [Sat80]. Let m be a positive
integer. A distribution u on R belongs to L, (RY) if and only if u € Lo(R%Y
and, for every b € (0, 1), py in (5.1.1) belongs to L,,_;(R?). The class Lo, (RY)
is defined by (),.=0 L, (RY). Then we have

I(RY) D Ly(RY) D Li(RY) D -+ D Lyuo(RY) D S(RY),

where S(Rd) is the class of all stable distributions on R?. A necessary and
sufficient condition for distributions to be in Lm(Rd) in terms of Lévy measures
is given in [Sat80].

As shown in Theorem 5.1.1, if {X(¢),t = 0} is a stochastically continuous
selfsimilar process with independent increments on R? then its marginal
distributions are selfdecomposable. However, the n-tuple joint distribution
for n = 2 is not always selfdecomposable; see [Sat91, Proposition 4.2]. In
the following theorem we give conditions for joint distributions to be self-
decomposable, and furthermore, conditions for them to belong to the smaller
classes Lm(IRd).

Theorem 5.1.2 [MaeSatWat00] Ler {X(r),t =0} be a stochastically
continuous H-selfsimilar process with independent increments, H > 0. Let
m be a positive integer or . Then the following four conditions are equiva-
lent. We understand that m — 1 = o0 if m = oo.

(i) LX) € L,(RY), V= 0.

(ii) LX(t),....,X(1,)) € L, (R, Yn =2, V1,,...,1, = 0.

(iii) LI, e X(t) € Ly (RY), Vn =2, V1,,....1, = 0, Yey,....c, € R.
(iv) LX) — X(5)) € L,,—(RY), Vs, t = 0.

~

Lemma 5.1.1 Let m € {0,1,...,0} and d,,...,d, be positive integers. If
w€ L,(R™ and if T is a linear transformation from R" to R®, then
pT ™" € L,(R™), where (uT~")B)= (T 'B)). If m €L, R for
k=1,....n then u; XX u, € L, (R withd =d, + - +d,.

This lemma is essentially found in [Sat80, Theorem 2.4].
Proof of Theorem 5.1.2. Let 0=t =--=t, Let Y =X(t;) and ¥, =

X(t) — X(ty—y) for k=2,...,n. Then X(t;) =Y, + - +Y,. By Lemma
5.1.1 we see that L(X(t)),...,X(t,)) ELm,l(R"d) if and only if
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Ly,,....Y,) € Lm,l(IR"d). Since Yi,...,Y, are independent, Lemma 5.1.1
shows that £((Y},...,Y,)) € L,_,(R") if and only if L(Y;) € L,_(R?) for
k =1,...,n. Hence we see that (ii) and (iv) are equivalent. By Lemma 5.1.1,
(ii) implies (iii). Obviously (iii) implies (iv). Hence (iii) is equivalent to (ii)
and to (iv).

Let us prove the equivalence of (i) and (iv). Let 0 = s = . Then

2u(0) = B 07 (0) = f((5/0)" 0) 2 (0), (5.12)

where we have used the independent increment property and selfsimilarity
with @ = s/t. On the other hand, by Theorem 5.1.1, w, € L()([Rd). Thus, for any
b € (0, 1), there exists a probability distribution p,;, such that

(0 = m,b0p,,(0), VoER (5.1.3)
Since ;’l,(@) # 0, it follows from (5.1.2), (5.1.3) and taking b = (s/t)H that
Pr(sint = M-
Hence p, (1 € Lm_l(Rd) if and only if u,, € Lm_l([Rd), concluding that (i)

and (iv) are equivalent. [J

Note that if £(X(1)) € Lm([Rd), then (i) is true. This is because, by self-
similarity, £(X(¢)) = LA xX(1)).

5.2 GETOOR’S EXAMPLE

Assume d = 3 and let {B(7)} be a Brownian motion in R¢ with B(0) = 0. For
t > 0, define

L(t) = sup {u > 0 : |B(u)| < t}.

Since |B(#)] — oo almost surely as t — oo when d = 3, L(¢) is finite almost
surely.
Getoor [Get79] showed the following.

Theorem 5.2.1 Let d = 3. Then the process {L(t)} is stochastically contin-
uous and 2-ss, ii. {L(t)} has si if and only if d = 3.

Proof. Selfsimilarity can be easily obtained:

L(at) = sup{u > 0 : |B(u)| < at}

sup{u >0:a B = t}

sup {u >0: |B(a_2u)| = t}



SELFSIMILAR PROCESSES WITH INDEPENDENT INCREMENTS 61

= a’L(1).
As to the other parts of the proof, see [Get79]. O

5.3 KAWAZU’S EXAMPLE

The following examples of ss, ii processes are due to Kawazu (see [Sat91]).
Let {B(t)} be a Brownian motion on R with B(0) = 0. Define

M(t) = inf{u >0 : B(u) — min B(s) = t},

V()= — Srsnﬁillé) B(s)
and
N(@) =inf {u > 0: Bu) = —V()}.

These processes appear in limit theorems of diffusions in random environ-
ments. Then the processes {M(¢)}, {V(¢)} and {N(¢)} have independent incre-
ments, but none of them have stationary increments. The three processes are
however selfsimilar, actually {M(¢)} is 2-ss, {V(¢)} is 1-ss and {N(¢)} is 2-ss,
which can be seen as follows.

M(at) = inf{u >0:B(u) — rgin B(s) = at}

= inf{u >0: ail(B(u) - minB(s)) = t}

£ inf{u >0: (B(afzu) — min B(a*zs)> = t}
s=u
= d*M(@),
. d . . 2\ d
V(at) ) énﬁ}(r;[) (s) XSIZIZIAE}(;) (s) sgﬁ}[f(lt) (a s) aV(t)

and

N(at) = inf {u > 0 : B(u) = —V(ar))
Linf (4> 0:Bu) = —aV())

= inf{u >0:a 'Bu) = —V(t)}



62 CHAPTER 5
< inf{u >0:Ba u) = —V(z)}

= d’N(@).

The R*-valued process {(V(¢), N(¢))} also has independent increments, but the
R3-valued process {(V(z), N(t), M(t))} does not. As to {(V(¢), N(t))}, we also

have that
V(at) d a 0 V(@)
(60 ) (O [ 4 S
N(at) 0 a N(t)

In Section 9.1 we shall refer to this as operator selfsimilarity of the R*-valued
process {(V(#),N(¢))}. Note that since {V(¢)} and {N(#)} are not independent,
selfsimilarity of each process does not imply operator selfsimilarity of
{(V(¢), N(t))}, nevertheless (5.3.1) holds.

5.4 A GAUSSIAN SELFSIMILAR PROCESS WITH INDEPENDENT
INCREMENTS

The following process is discussed in [NorValVir99].
Let {By(f),t = 0} be a fractional Brownian motion and 1/2 < H < 1.
Define {M(¢),t = 0} by

M) = J; u? it — )" H 4B (u).

Then it is shown in [NorValVir99] that the process {M(r)}
(i) 1is Gaussian,
(i) is (1 — H)-ss, and
(iii) has independent increments (but not stationary increments).

{M(t)} turns out to be a martingale. This process is useful for the analysis of
the first passage time distributions of fractional Brownian motion with positive
linear drift. For details, see [NorValVir99] and [Mic99].



Chapter Six

Sample Path Properties of Selfsimilar Stable Processes
with Stationary Increments

6.1 CLASSIFICATION

When two stochastic processes {X(¢)} and {Y(¢)} satisfy {X(7)} £ {Y(®)}, we
say that one is a version of the other. If they are modifications of each other,
they are also versions of each other.

Typical sample path properties examined in the literature can be summar-
ized as follows:

Property I:  There exists a version with continuous sample paths.

Property II: Property I does not hold, but there is a version whose sample
paths are right-continuous and have left limits (i.e. are so-called
cadlag).

Property III: Any version of the process is nowhere bounded, i.e. unbounded
on every finite interval.

The processes discussed so far can be classified as follows:

Property I: Brownian motion, fractional Brownian motion, linear fractional
stable motion for 1/a < H < 1.

Property II: Non-Gaussian stable Lévy processes.

Property III: Log-fractional stable motion, linear fractional stable motion for
0<HC<lla.

Property I of linear fractional stable motion for 1/a < H < 1 can be verified
by Lemma 4.1.1 as for the case of fractional Brownian motion.

Proofs are needed to justify the classifications of processes with Property
III. They can be based on Theorem 6.1.1 below, which is a consequence of
Theorem 10.2.3 in [SamTaq94].

Let a SasS process {X(¢),t € R} be given by
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X(@) = J [, uw)dw, (u),
U

where (U, U, m) is some o-finite measure space, f : R X U — R is a function
with the property that for each t € R, f(z,-) € L“(U, U, m), and W,, is a SaS
random measure with control measure m such that E[exp {i6W,,(A)}] =
exp{—m(A)|0]°}, A € ‘U (see [SamTaq94, Definition 3.3.1]). We assume
that {X(¢)} is stochastically continuous and take a separable version (see
[SamTaq94, Definition 9.2.1]). A kernel fy(t, u) is a modification of f(t, u) if
for all t € R, fy(t,-) = fo(t,-) m-a.e. on U. Then {X(¢)} defined by X,(r) =
[ v fo(t,u)dW,,(u) is a version of {X(7)}.

Theorem 6.1.1 Let 0 < a < 2. Suppose there is a countable subset T* of R
such that for every a <b we have IZ(Sup,ET* I, w)*m(du) = . Then
{X(®)} has Property III.

The fact that log-fractional stable motion and linear fractional stable motion
for 0 < H < 1/a have Property III follows from Theorem 6.1.1; indeed for
every u € [a,b), sup,ez« |[f(t,u)] = oo with T* = {r rational, a < r < b} in
either case. (See Examples 10.2.5 and 10.2.6 in [SamTaq94].)

6.2 LOCAL TIME AND NOWHERE DIFFERENTIABILITY

For stochastic processes with continuous sample paths, a natural further ques-
tion addresses sample path differentiability. In this section, we apply an argu-
ment in Berman [Ber69] to prove that for 0 < H < 1/2 an H-ss, si, SaS
process is nowhere differentiable. This section is based on [KonMae91a].
We start with a result on the local time of H-ss, si, SaS processes.

Theorem 6.2.1 Let {X(t),t €T} be an H-ss, si, SaS process with
0 < H < 1. Then {X(1)} has L*-local time almost surely.
Proof. Let I = [a,b], —c0 < a < b < 00, and put

ux(A) = Leb{t € I,X(t) € A}, A € B(R).

Note that we have suppressed w € () in the above; Leb denotes Lebesgue
measure. Let

h6) = J P duy(x) = J Oy,
1

— 00

Since {X(¢)} is H-ss, si, SaS, we have that

for]= o] [ omorona
IXI
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= J el g i, (6.2.1)
IxI

where c is a positive constant determined by

E[eiexm] = o clo

AT o[ [ ooy <=
e IXI ) —o0 |t _ Sl

if 0 < H < 1. Therefore for almost all w € ), h(6, w) is square integrable so
that there exists an L>-occupation density of the occupation measure uy(-),
which is the local time. O

Hence

Theorem 6.2.2 Let {X(t),t €T} be an H-ss, si, SaS process with
0 < H < 1/2, and let I be a finite interval. Then {X(t)} satisfies

(Xu — %) _ o
TLebd) - Cllog(Xy — X,)|

for some positive constants C and 8, where

X, = supX(t) and X, = inf X().
el el

Hence if X(t) is continuous, then it is nowhere differentiable, and if it is right
continuous, then it is nowhere differentiable from the right.

Proof. Fix @ € () such that h(6, w) is square integrable. By the Fourier inver-
sion formula,

o Ky _ =ifX,

Leb(l) = pux (X, Xy)) = wa T,;h(e)d(i

Hence for any ¢ > 0,
Leb(I)? = 1 r
Car| e

2
x[6"*(|Tog 16l] + 1) 92| n(o)| de]

e*iG(Xfom) _ 1

1
0 ‘ 16]"%(| 1og |6]] + 1)1 +er2

|efie(xM7x,,,) _ 1|2

SJ 3 do
—o |61°(|Tog|6l] + 1)! e

xj 6l Tog 161l + 1) “|ao)*d6
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— I X1, (62.2)
By (6.2.1), for 0 < H < 1/2,

E[L] = J_w 61(l Tog | 61| + 1)1+€E[|h(0)|2]d0

:J J 161(1 Tog [6]] + 1) 2= =1"19" 49 gy ds
IXI ) —c0

00 H
t_

:J J |u| ‘log| sl
IXI ) —o |M|

1+e
+ 1) e ay _dids

|l _ S|2H
dt ds
=C loglt —s|| + D' ——_
Jm(l gle=sll+D |t — s
Thus
I, < oo as. (6.2.3)
Asto I,
. 2
e e = 1] (X — X,
1= J' 3 l+€du
oo [ul*(| log |(Xp — X,,)/ull + 1)

2
=C (XM - Xm) .
[log(Xy — X,,)|
We thus have from (6.2.1)—(6.2.3) that for some positive constant C,

(XM _Xm) - _ &2
Lo = Cllog(Xy, — X,,)|”". O



Chapter Seven

Simulation of Selfsimilar Processes

7.1 SOME REFERENCES

There are numerous textbooks on simulation. For our purposes, an excellent
text is Ripley [Rip87], at the more introductory level Morgan [Mor84] and
Ross [Ros91]. See also Rubinstein and Melamed [RubMel98]. For the simula-
tion of a-stable processes, see Janicki and Weron [JanWer94]. The presenta-
tion of this chapter is mainly based on Asmussen [Asm99]. The latter also
contains an excellent list of references related to the simulation of rare events.
A short discussion on the simulation of long-memory processes is to be found
in Beran [Ber94]. As so often in this field, Benoit Mandelbrot was involved
very early on; see for instance [Man71]. An excellent discussion on various
simulation routines for selfsimilar processes is to be found on Murad Taqqu’s
website: http://math.bu.edu/people/murad, look for the link “Statistical meth-
ods for long-range dependence”.

7.2 SIMULATION OF STOCHASTIC PROCESSES

The simulation of stochastic processes in general may be rather involved
depending on whether we have a process defined in discrete or continuous
time, one- or more dimensional, defined explicitly or implicitly through some
equation(s) (PDE, SDE, recursive equation, ...). Also an important factor
concerns which functional of the process one is interested in: for instance a
hitting time, a marginal distribution, a sample path. In all of these, the precise
stochastic structure of the process plays an important role: stationary or not,
specific dependence structures, regularity of sample paths. It is clear that in
this brief introduction, we will not be able to enter into details. We give an
introduction to the basic methodologies underlying simulation technology for
selfsimilar (and more general) stochastic processes. The reader is referred to
the references above for more details. Various basic questions will not be
touched upon; for example, the assessment of the quality of the simulation
methods presented. In order to answer the latter, a deeper study on the use of
an appropriate assessment-functional has to be discussed first.
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For the simulation of Gaussian processes in general, and Brownian motion
in particular, there exist numerous procedures. Suppose {X(#)} is a Gaussian
process with covariance function y(s, ) = Cov(X(s), X(r)). We will concen-
trate on the simulation of a finite-dimensional realization (or skeleton)
x(0), ..., x(n). One group of methods is based on appropriate matrix decom-
position of the covariance matrix

F(n + 1) = (Cov(X (D), X()))ij=0. n+1-

An often used procedure uses the so-called Cholesky decomposition, see
[Asm99]. Suppose we want to simulate X(n+ 1), based on
X(0),X(1),...,X(n). Then proceed as follows:
Step 1: write
I'(n) y ()
I'n+1)= )
y) ymn+1l,n+1)

where T'(n) is the covariance matrix of X(0),...,X(n) and y(n) is the
(n + 1)-column vector with kth component y(n + 1,k), k =0,...,n.

Step 2: the conditional distribution of X(n + 1), given X(0),...,X(n) is
N(X(n + 1), 0%), where

X(0)

R X(1)
X(n+1)=yn)'Tmn!

X(n)

g=yn+1Ln+1)—ym)'Tm) "ymn)
and generate X(n + 1) according to N ()?(n +1), a%).

Remark 7.2.1 The Cholesky decomposition enters for the efficient (recur-
sive) calculation of y(n)'F (n)_l. A detailed discussion of this procedure, in
the stationary case where v (i,j) = y(li — j|), is to be found in [Ber94, p. 215].
The general case is discussed in [Asm99, Chapter VIII, 4].

There are various special cases where alternative methods can be used, so for
instance for Brownian motion {B(¢)} itself. Say, we want to simulate { B(¢)} on
a discrete skeleton O, /1, 24, .... Then we just generate the increments

B(h) = B(h) — B(0), B(2h) — B(h), B(3h) — B(2h), ...

as i.i.d. N(0, 1) random variables. Linear interpolation can then be used to
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approximate a continuous time sample path. Alternatively, we may base simu-
lation on a functional Central Limit Theorem or one of the many series
representations of Brownian motion. As mentioned in [Asm99], “In view of
the simplicity of this (i.e. the above discrete skeleton) procedure, there is not
much literature on the simulation of Brownian motion. A notable exception is
[Knu84].” This lack of literature is unfortunate, as one very quickly enters into
simulation questions regarding {B(#)} which are not so trivial. See [Asm99]
for examples involving the calculation of hitting times and the simulation of
reflected Brownian motion: these questions are especially important in insur-
ance (ruin, say) and finance (e.g. barrier options).

Also note that for a wide class of models (especially in econometrics) one
has explicit recursive equations from which simulation becomes fairly
straightforward. For example, for the class of ARMA(p, q) processes,

XO) —aXt—=1) = —a, Xt —p)=¢g+ 015+ + 0,6,

where the {g;} are i.i.d. N(O, 0'2). Similarly, for examples like the ARCH(1)
process,

X(t) = 0,5
{ o7 = A+ BX(t— 1)

and various generalizations.

7.3 SIMULATING LEVY JUMP PROCESSES

We know that the distributions of the increments of a Lévy process are infi-
nitely divisible. Hence a basic step in the simulation of Lévy processes is the
simulation from general infinitely divisible distributions. For this, see Bondes-
son [Bon82]. The special properties of the Lévy measure in the Lévy—Kolmo-
gorov representation plays a crucial role here. Of course, in general we may
write a Lévy process {X(7)} as

X(t) = ut + 0B + J ()

that is, the independent sum of a linear drift, a Brownian component and a
jump process determined in terms of the Lévy measure v of the process. The
process {J(f)} can again be decomposed in J(¢) = J(l)(t) + J(z)(t) where
{J(z)(t)} is a compound Poisson process for which simulation is trivial (J(l)
and J? are independent processes). For JU various methods exist ranging
from neglecting it (after a careful choice of a “cut-off” point leading to the
decomposition J = JU + J@ in the first place) to replacing it by a suitably
chosen Brownian motion. For details on this, see [Asm99].

Of course, using [Bon82] and the fact that a Lévy process has stationary,
independent increments, one can in several cases fairly easily simulate a
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discrete skeleton of {X(#)}, a jump Lévy process. Examples include gamma,
Cauchy and inverse Gaussian processes. The special case of an a-stable Lévy
process has generated a lot of interest in the literature. The standard algorithm
for the generation of a-stable distributions is due to Chambers, Mallows and
Stuck [ChaMalStu76]. See also [SamTaq90] and [JanWer94]. The latter refer-
ence contains a detailed discussion on the simulation of a-stable processes;
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Figure 7.3.1 Sample paths of «-stable Lévy motion for &« = 1.7 (H = 1/a = 0.59),
with the corresponding increments (below on a larger scale). The paths are not contin-
uous, and therefore they are displayed as a set of points.
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see also [Asm99, Chapter VIII, 2] and references therein. The key point is that,
due to the infinity of jumps, some truncation or limiting procedure is called
for. Asmussen [Asm99] also discusses an approach based on a series repre-
sentation.  Finally see http://academic2.american.edu/~jpnolan/stable/
stable.html, the webpage of John Nolan, for interesting information and soft-
ware on stable distributions.

As an example (Figure 7.3.1) we have simulated a realization of an a-stable
Lévy process {Z,(f)} with a = 1.7.

7.4 SIMULATING FRACTIONAL BROWNIAN MOTION

Recall from Definition 1.3.1 that {By(¢),0 < H = 1}, is a fractional Brow-
nian motion if it is a mean zero Gaussian process with covariance function.

v(s, 1) = %{IZH + 520 — | — s|2H}E[BH(1)2].

For H = 1/2,{B,;,(t)} is a Brownian motion. Of course, one can use the
Cholesky decomposition-based method from Section 7.2. For an implementa-
tion of the latter method, see Michna [Mic98a, Mic98b, Mic99]. For an
implementation based on the Fast Fourier Transform (FFT), see [Ber94].
The latter reference also contains S-Plus code for the simulation of fractional
Brownian motion and fractional ARIMA processes. Asmussen [Asm99] warns
of the use of the FFT and so-called ARMA approximations as they may
destroy the long-range dependence. One could use representation theorems
like Theorem 1.3.3, but also here, truncation will destroy long-range depen-
dence. An alternative representation for which truncation is not needed, is
given in [NorValVir99]; see also [Asm99], where further interesting refer-
ences (including work on importance sampling) can be found. Finally, wave-
lets have also entered the fractional Brownian motion scene; see for example
[WhiO1] and the references therein.

In Figures 7.4.1-7.4.5 we have simulated sample paths of fractional Brow-
nian motion with H = 0.1,0.3,0.5,0.7,0.9. The increasing smoothness of the
sample paths as explained in Section 4.1 is clearly visible. We also plotted the
autocorrelation function, see Section 3.2 for more details.

The following links show how to generate paths of fractional Brownian
motion in Mathematica (a free Mathematica Reader is available from
http://www.wolfram.com):
http://didaktik.phy.uni-bayreuth.de/mathematica/meader_2/htmls/2-08.htm,
http://www.mathconsult.ch/showroom/pubs/MathProg/htmls/2-08.htm.

For an excellent discussion, see also [SamTaq94, Section 7.11].
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Figure 7.4.1 Sample paths of fractional Brownian motion for H = 0.1, with the
corresponding increment process and sample autocorrelation function. The correlations
decay fast and are negative, as expected.



SIMULATION OF SELFSIMILAR PROCESSES 73

0.0 05

Bolg (t)

-0.5
|

0.0 0.2 0.4 0.6 0.8 1.0

02 04
1

Increments

-0.2 0.0

-0.4
]

0 200 400 600 800 1000

1.0

0.6

ACF
!

-0.2
|
X
|
- T
:_
1
=
1<
'
'
)
'
1
)
)
1
1
—
i
i
e
4
'
1
]
|
1
]
e
'
'
'
'
1
)

0 5 10 15 20 25 30

Figure 7.4.2 Sample paths of fractional Brownian motion for H = 0.3, with the
corresponding increment process and sample autocorrelation function. The correlations
decay fast and are negative, as expected.
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Figure 7.4.3 Sample paths of Brownian motion (H = 0.5), with the corresponding
increment process and sample autocorrelation function. As expected, the correlations
are negligible.
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Figure 7.4.4 Sample paths of fractional Brownian motion for H = 0.7, with the
corresponding increment process and sample autocorrelation function. The correlations
are positive and decay slower than in the case H = 0.1 displayed in Figure 7.4.1. The
process exhibits long-range dependence.
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Figure 7.4.5 Sample paths of fractional Brownian motion for H = 0.9, with the
corresponding increment process and sample autocorrelation function. The correlations
clearly decay much more slowly than in the case H = 0.1 displayed in Figure 7.4.1: the
process exhibits long-range dependence.
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7.5 SIMULATING GENERAL SELFSIMILAR PROCESSES

It should be clear from the above discussion that for selfsimilar processes
which do not belong to the classes already discussed, very little specific
tools are available. Clearly, for a specific process given, one may well find
a workable approach. Some of the previous references mentioned contain such
examples. In general, one may also want to look for “easier” stochastic
processes exhibiting the required selfsimilar behavior (long-range depen-
dence); an interesting paper in this context is [Dal99]. We will come back
to these, more statistical, issues in the next chapter.

For a simulated path of linear fractional stable motion for « = 1.7 and
H = 0.7}, see Figure 7.5.1. Finally, Figure 7.5.2 contains a simulation of
linear fractional stable motion for a« = 1.7 and H = 0.9, to be compared
with Figure 7.4.5.
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Figure 7.5.1 Sample paths of linear fractional stable motion for « = 1.7 and H = 0.7,
with the corresponding increments. Compared to fractional Gaussian noise with H =
0.7 (see Figure 7.4.4), the increments show the expected large values due to the long
tail of the distribution.
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Figure 7.5.2 Sample paths of linear fractional stable motion for « = 1.7 and H= 0.9,
with the corresponding increments. Compared to fractional Gaussian noise with H =
0.9 (see Figure 7.4.5), the increments show the expected large values due to the long
tail of the distribution.
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Chapter Eight

Statistical Estimation

In this chapter we briefly discuss some methods to detect the presence of a
long-range dependence structure in a data set. In particular, we present ways to
estimate the exponent H. More details and further estimation methods can be
found in [Ber94], a text we follow closely. An excellent review of various
existing methods, together with examples can be found on Murad Taqqu’s
website: http://math.bu.edu/people/murad under the heading “Statistical
methods for long-range dependence”.

8.1 HEURISTIC APPROACHES

The methods described are mainly useful as simple diagnostic tools. Since the
results in this section are often difficult to interpret, for statistical inference,
more efficient methods exist, such as the maximum likelihood techniques
discussed in Section 8.2.

One can come up with various graphical methods as diagnostic tools for
selfsimilarity. For instance, suppose {X(f)} is H-ss, si with H such that suffi-
ciently high moments of |X(1)| exist; see Theorem 3.1.1. Since X(7) Lx),
for any such kth moment, say, we have that

my(t) = E[X(t)k ] = tkHE[X(l)k],
hence (leaving out absolute value signs where necessary)
log my(f) = kH log t + log E[X(l)k].
A diagnostic plot therefore could be

{(log my (1), logt), t € T}

over a set T of t-values and for relevant values of k. Here m; denotes some
moment-type estimator. The log-log linearization above can be found for
various functionals of ss processes; see for instance Sections 8.1.1-8.1.3
below.
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8.1.1 The R/S-Statistic
This method was first proposed by Hurst [Hur51], and is based on the follow-
ing definition.

Definition 8.1.1 Let {X;} be a sequence of random variables, and
Y, = > X;. Define the “adjusted range”

i
R(/,k) = max {Y(+i —Y, - E(Y/Jrk - Y/)}

. i
— min {Y/+i —-Y, - E(Y/+k - Yf)}

I=i=k

and

| (tk 12
S(/,k>={; > (Xi—X/,k)z} . (=0, k=1,

=+ 1
where X, = k™' S72F | X, The ratio
R, k)
S

o, k) = (8.1.1)

is then called the “rescaled adjusted range” or R/S-statistic.

Given a stochastic process {X(7)}, we denote Q(k) = Q(0, k), the R/S-statistic
calculated over the first k-block X(1), ..., X(k). The index  in Q(7, k) allows us
to move this k-block ¢ steps to the right. For a strictly stationary process X(t),
one would typically study the behavior of Q(k) = R(k)/S(k), for k — oo.

Suppose given a data set X(1), ..., X(n), to estimate the long-memory para-
meter H, assuming it exists, the logarithm of Q(k) is plotted against log k. For
each k, there are n — k + 1 replicates Q(k) = Q(0,k),...,Q(n — k, k). As an
illustration, consider the following two examples in Figures 8.1.1 and 8.1.2:
(1) A simulated series of fractional Gaussian noise of length n = 1000 with
parameter H = 0.9 (see Figure 7.4.5) and (2) a series of 1000 independent
standard normal random variables. The logarithm of Q versus logk is
displayed in Figures 8.1.1 and 8.1.2, respectively, for k= 10d
d=1,..,20)and 7 = 100m (m = 0,1,2,...).

The plots are then to be interpreted in the sense of the following theorems
(see [Man75] and also [Ber94, pp. 81-82]):

Theorem 8.1.1 Let {X(¢)} be a strictly stationary stochastic process such
that {X(t)z} is ergodic and n 2 ZJ[Z} X(j) converges weakly to Brownian
motion as n tends to infinity. Then, as k — oo,

KoM S €

where & is a nondegenerate random variable.
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Figure 8.1.1 R/S plot for simulated fractional Brownian motion with H = 0.9. The
least squares fit is based on the data for £ in the range 50—-200. The line has slope 0.884.
A dashed line with slope 0.5 is included for reference.

The assumptions of Theorem 8.1.1 hold for most common short-memory
processes. One may say that whenever the central limit theorem holds, the
statistic 2Q(k) converges to a nondegenerate random variable and hence
we expect a situation like that shown in Figure 8.1.2 to occur.
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Figure 8.1.2 R/S plot for simulated Brownian motion. The line has slope 0.553. A
dashed line with slope 0.5 is included for reference.
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Theorem 8.1.2 Ler {X(¢)} be a strictly stationary stochastic process such
that {X(t)*} is ergodic and n~ Z[”t] X(j) converges weakly to fractional
Brownian motion as n tends to mﬁmty Then, as k — oo,

KPS ¢

where ¢ is a nondegenerate random variable.

For statistical applications, this means that in the plot of log Q against logk,
the points should ultimately (for large values of k) be scattered randomly
around a straight line with slope 1/2 in the former case, and H > 1/2 in the
case where long-memory exists (using the approximation logQi log & +
Hlogk for k large).

An interesting, so-called robustness property of the R/S statistic is that the
asymptotic behavior in Theorem 8.1.1 remains unaffected by long-tailed
marginal distributions, in the following sense [Man75]:

Theorem 8.1.3 Let {X(¢)} be i.i.d. random variables with E[X(t)z] =00, in
the domain of attraction of a stable distribution with index 0 < o < 2. Then
the conclusion of Theorem 8.1.1 holds, that is

k20000 % &

where & is a nondegenerate random variable.

Thus, even if {X(#)} has a long-tailed marginal distribution, the R/S statistic
still reflects the independence in that the asymptotic slope in the R/S plot
remains 1/2.

In the proofs of the above and similar theorems one has to be careful with
respect to the precise topologies used. An excellent paper treating these results
in detail is [AvrTaq00]. The following proposition quoted from the latter
paper and essentially due to Mandelbrot [Man75] is the key result underlying
Theorems 8.1.1-8.1.3.

Proposition 8.1.1 Let {X(r)} be a strictly stationary sequence such that

S 1 il W2\ *
( niLi(n) & Z X0, 2L, (n) ;X(l) )*(U(f), V(),

where L, and L, are slowly varying functions and where s denotes conver-
gence in some functional sense, strong enough to imply convergence of the
Supg<;<7 and infy<,<r functionals. Then the properly normalized R/S statistic
process



STATISTICAL ESTIMATION 85
{ R([kt])

K L(k)S(k)’

converges weakly as k — oo, where L is slowly varying and

J=H, — H,/2 + 1/2.

0=t= 1} (8.1.2)

It is further discussed in [AvrTaq00] that the objective of an R/S analysis of
time series is indeed to determine whether there exists 0 = J = 1 and a slowly
varying function L so that the process (8.1.2) converges weakly as k — oo, and
also to estimate J. The latter exponent is called the R/S exponent. Avram and
Taqqu call R/S robust if J depends on the exponent characterizing long-range
dependence but does not depend otherwise on the underlying distribution of
the stationary time series. Hence R/S is robust if J =d + 1/2 where d €
(0,1/2) is a measure of long-range dependence of the time series {X(7)}.
The authors of [AvrTaq00] give many examples to calculate d including
FARIMA time series and moving averages attracted to a stable Lévy process.

Based on such results, [Ber94, p. 84] summarizes the R/S method as
follows:

(i) Calculate Q(Z, k) for all possible (or for a sufficient number of different)
values of /7 and k.

(i) Plot log Q(Z, k) against log k for various values of k, over a range of /-
values.

(iii)) Draw a straight line y = a + blogk that corresponds to the ultimate
(large k) behavior of the data. Estimate the coefficients a and b (by
least squares, for instance), and then set H = b.

From a statistical point of view it must be stressed that there are several
drawbacks in using this procedure. First, it is difficult to decide from which
k the asymptotic behavior starts, and so how many points are to be included in
the least squares regression. For finite samples, the distribution of Q is neither
normal nor symmetric, and the values of Q for different time points and lags
are not independent from each other. This raises the question of whether least
squares regression is appropriate. Moreover, only very few values of Q can be
calculated for large values of k, thus making the inference less reliable even at
large lags.

Because of these problems, [Ber94} concludes that it seems difficult to
evaluate the results of statistical inference based on the R/S method.

8.1.2 The Correlogram

The plot of the sample correlations p(k) against the so called lag k (correlo-
gram) is a standard diagnostic tool in time series analysis, see for instance
[BroDav91]. If a process has uncorrelated increments, then under fairly
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general conditions the /np(k) are asymptotically independent standard normal
random variables, and a correlation can be considered significant at the 5%
level if it exceeds the *2/,/n bounds. One has to be careful in interpreting
simultaneous confidence bands across a wide range of k-values (lags). Spur-
ious values can occur.

The above fairly straightforward asymptotic confidence bounds may not
necessarily apply for processes that have correlated increments, and particu-
larly for processes with long-range dependence. Moreover, long memory
depends rather on the slow speed of decay of the correlations, and not on
the values of the single correlations, which can be arbitrary small.

However, the plot of log|p(k)| against log k (rather than p(k) against k) can
be useful to detect long-range dependence. In fact, as the correlations of a
long-memory process decay with a rate proportional to k=2 (see Section
3.2), then for large lags, the points should be scattered around a straight line
with negative slope approximately equal to 2H — 2. In contrast, for short-
memory processes, the log-log correlogram should diverge to minus infinity
at a rate that is at least exponential.

Figures 8.1.3 and 8.1.4 display the correlogram and the log-log correlogram
for fractional Brownian motion with H = 0.9 and the Brownian motion of the
previous section (see Figures 8.1.1 and 8.1.2). Essentially the same remarks
regarding the difficulties of interpreting the plots as for the R/S method apply
here. In particular, the log-log plot is mainly useful if the long-range depen-
dence is strong, or if the series is very long. Otherwise, a reliable conclusion
can be hardly taken, as Figure 8.1.4 clearly shows.
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Figure 8.1.3 Correlogram and log-log correlogram for fractional Brownian motion
with H = 0.9. The slow decay of the sample correlations is clearly visible on the left.
The least squares fit in the log-log plot yields a slope of —0.23, that is H = 0.875.
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Figure 8.1.4  Correlogram and log-log correlogram for Brownian motion. The
sample correlations are negligible, as expected, while the points in the log-log plot
do not suggest any conclusion.

8.1.3 Least Squares Regression in the Spectral Domain

The asymptotic behavior at the origin of the spectral density of the increments
of an H-ss, si process with 1/2 < H < 1 is given by

f) ~ A" Al =0,

for some finite constant ¢;; see [Ber94, p. 53] for details. Hence the asymptotic
property (for |A| — 0) to be exploited becomes

logf(\) ~ loge; + (1 — 2H) log |Al. (8.1.3)

In order to find an estimated version of (8.1.3) on which diagnostic checking
for linearity and estimation of ¢, and more importantly H can be done, one
needs to replace f(A) by some spectral estimator 7,(A) say. Various standard
tools from the realm of spectral analysis for time series can now be brought to
bear. The details, together with further references, are to be found in [Ber94,
Section 4.6].

8.2 MAXIMUM LIKELIHOOD METHODS

In the previous section, we recalled some heuristic methods for estimating the
exponent H. These methods may be useful for checking whether a data set
exhibits long memory or not; however, we have no corresponding statistical
inference theory built on them.

An estimation procedure obtained by building a parametric model and
maximizing the corresponding likelihood is often preferable, since it allows
one to model the form of the entire correlation structure or, correspondingly,
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of the spectral density, rather than only describing, and statistically exploiting,
its asymptotic properties.

In the previous section, we mentioned that the choice of cut-off point (in
either the time domain, k large, or the spectral domain, A small) was crucial.
The methods used were built on asymptotics. In order to perform a full like-
lihood approach, some extra modeling assumptions (typically for k£ small and/
or A large, say) will have to be made. Such assumptions may be available in
the data anyhow; see [Ber94, p. 100] for a discussion on this. At the same time,
we open the door for model risk, and some criteria for model choice among
competing candidates have to be looked at.

In the following we will consider only methods based on Gaussian
processes for reasons of simplicity. Various generalizations can be considered.

Beran [Ber94, Sections 5.1-5.2] considers the following set-up. Suppose
that X(1),...,X(n) is a stationary Gaussian sequence with mean zero and
variance o7, and suppose that the correlations p(k) decay at a rate proportional
to K772, i.e. the sequence exhibits long-range dependence if 1/2 < H < 1.

Now consider a family of spectral densities {f(A; 6),6 € ® C R} char-
acterized by the unknown finite dimensional parameter vector

0= (0% H,0s,...,0,).

Furthermore assume that {X(i),i = 1,...,n} has a representation of the form
X(W) =Y ik, (8.2.1)
k=0

where the &, are uncorrelated random variables with zero mean and variance
o‘i. The coefficients have to satisfy certain summability conditions in order for
p(k) to decay as assumed (see [Ber94, Lemma 5.1]).

Clearly, within the model set-up above, one can calculate the exact Gaus-
sian likelihood function and estimate the resulting parameters. Under some
extra regularity conditions, it can be shown that the MLE 0, is strongly
consistent, and that

Jﬁ(én - 0)—d»§, as n — oo, (8.2.2)

where ¢ is an M-dimensional random vector with zero mean and covariance
matrix, the inverse of a Fisher information matrix calculated via the functional
form of the spectral density. It may be somewhat surprising that the /n-rate of
convergence does not depend on H. Dahlhaus [Dah89] proved that the above
estimation procedure is asymptotically efficient.

Clearly, even for the most straightforward models of the type (8.2.1),
various computational problems arise. Consequently, as within standard
time series analysis, computational shortcuts and approximations to the result-
ing likelihood function are called for. One particular type of approximation
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leads to the famous Whittle estimator proposed in [Whi51]; see also [Whi53].
For a discussion in the context of time series models with heavy-tailed inno-
vation, see [EmbKIuMik97, Section 7.5]. An excellent discussion in the case
of selfsimilar processes is to be found in [Ber94, Section 5.5]. In order to get a
feeling for the main ideas, the exact likelihood function is a function of log
I3(0)l and ()" where 3 is the covariance matrix of the Gaussian data.

The approximate MLE approach is based on the following (see [Ber94, p.
109]):

(i) lim,_q Unlog|2,(0) = 2m~" [T, logf(A; 6) dA and

(i) replace E((9)71 by A(0) = (a(j — /))j’/:l ’’’’’ ., Where
L (7 SO
s =a( —{)=Qm" dA. 823
g =ai=0O=0en7| Lo (8:23)
The Whittle estimator is obtained by minimizing
1 (" 'A(6
Liy(6:x) = 2_)( logf: 0)dr + A e rr (824
T)-x n

One can show that the resulting (Whittle-)estimator 6 w 18 strongly consistent
and /n( 9,1 w— 06 4 & where the random variable £ is as in (8.2.2).

Thus, Whittle’s approximate maximum likelihood estimator has the same
asymptotic distribution as the exact MLE, and is therefore asymptotically
efficient for Gaussian processes. From the point of view of computation, a
consistent improvement can be obtained by replacing the integral (8.2.3) by a
sum and then using the Fast Fourier Transform algorithm.

The Whittle approximate maximum likelihood estimator requires the inte-
gral (8.2.3) to be evaluated n times for each trial value of 6, thus consuming a
large amount of computation time. However, in contrast to the spectral density
fitself, the function 1/f that appears in (8.2.3) is well behaved at the origin,
making possible an approximation of the form

~ ; 2T
a(k) = 5 Z ethin —,
(2 ) = lf( jnu ) m
where
2@y .
)\j,mz o j=12,...,m*
m

and m* is the integer part of (m — 1)/2. By writing (8.2.4) in terms of the
periodogram I(A; x) as

1 - ™ I(A;
Ly(0;x) = E{J: log f(A; 6)dA + J, fﬁ)\'g d)\}
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one obtains the approximation

2 2—“)2_}

~ 1|
Ly(0;x) = 2W{j_zllogf(/\j,m;9)7 +,-:1 f()\j,m;e) m

Because the periodogram can be calculated by the Fast Fourier Transform, ZW
can be computed very fast. See [Ber94] for further details and [MikStr01] for
an excellent discussion of Whittle estimation in heavy-tailed time series.

At this point, the reader may wonder why we did not (explicitly) use
Lamperti’s transformation (see Theorem 1.5.1) transforming any selfsimilar
process into a stationary one, and then use statistical tools from the realm of
stationary processes. See for instance [NuzPooOO] for an estimation approach
based on this idea.

8.3 FURTHER TECHNIQUES

The discussion on statistical estimation for selfsimilar processes presented
above corresponds to the level of knowledge as reviewed in the book by
Beran [Ber94]. The latter contains of course a lot more material. Since its
appearance, however, numerous papers have been written on the statistical
methodological aspects, as well as on applications of long-range dependence
in very diverse fields. An excellent survey, mainly concentrating on an exten-
sive simulation based comparison of various (eight in all) statistical estimation
procedures for long-range dependence is [TaqTev98].

On the more methodological side, one of the key issues emerging is the one
that no doubt was on the scene from the beginning: “What do we actually
mean by long-range dependence?”. This issue is still far from resolved. So far,
we have concentrated on notions based on the (typically slow) decay of auto-
correlations. Various authors have questioned these “definitions”. For an
example of the sort of alternative approaches being considered, see [ManRac-
Sam99, RacSamO1]. These papers also contain various applications within
finance and telecommunications (internet traffic). An interesting, thought
provoking article on long-range phenomena in large data sets is [Ham87].

An issue which comes up over and over again concerns the determination of
long-range dependence when some form of nonstationarity is present. An
early paper on this is [BhaGupWay83]. See also [Kue86]. More recently,
discussions of this type have emerged from applications in finance, the
tenor being that apparent long-range dependence as a statistical artifact
stems from other random phenomena within a short-range model. One such
result is to be found in the realm of switching (GARCH) regime models where
classical tests indicate the presence of long-range dependence, however the
models are short-range dependent. See for instance [MikSta00, MikSta01].
This problem is discussed from a more econometric perspective in [DieIno99].
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One particular area of quantitative finance where selfsimilarity, long-range
dependence and scaling are omnipresent is the field of tick-by-tick (high-
density) data analysis. For instance, in the excellent paper [Guiea97], as one
of the new stylized facts for intra-daily foreign exchange markets, under Fact
10: Fractal Structure, the authors highlight “Another very striking fact is the
regular fractal structure of the FX rates in the sense of Mandelbrot.” The
scaling law for the volatility is found to be significantly different from the
square-root law and seems to be consistently around 0.58 (rather than 0.5).
This conclusion was challenged in a recent paper [BarPraO1]. These authors
claim that the observed scaling phenomenon different from 0.5 is largely due
to the semi-heavy tailedness of the distributions concerned rather than to real
scaling. This issue will definitely be taken up further. See for instance
[BadPol99] for a discussion on scaling in physics. Mandelbrot [Man97]
reviews his contributions with applications in finance and risk in mind. Scaling
plays a predominant role, as can be seen from the title of [Man97]. Guillaume
et al. [Guiea97] contains discussions on short- and long-term memory (see
their Fact 9). For a textbook summary of the high frequency finance work, see
[DacetalO1].

At this point, we would also like to mention the vast literature on nonlinear
time series (see for instance [Ton90]), mixture models (for instance
[WonLiOO] and the references therein) and fractionally integrated ARMA
models, such as [Bai96, LinLi97]. Some interesting early contributions are
[Gra80, LiMcL86]. The literature on the above models is huge; the references
given should be viewed as a starting point. An interesting book bringing
together a lot of material linking heavy tailedness and long memory, mainly
from a financial applications point of view is [RacMit00]. There also exist
numerous papers on the estimation for long-memory processes using wave-
lets. The paper of Whitcher [Whi0O0] and the references therein is a good place
to start. See also [Jen99].

Finally, the issue of model deviations concerning dependence is a key issue.
How do statistical estimation procedures behave if we have (possibly only
small) changes in the dependence structure of the data or model at hand. In
general, when modeling dependence, short- and long-range dependence
cannot be told apart from data alone, hence model selection, and consequently
model risk will enter in a crucial way; see [Kue91] for details on this important
issue.
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Chapter Nine

Extensions

9.1 OPERATOR SELFSIMILAR PROCESSES

The definition of selfsimilarity in R? can be extended to allow for scaling by
linear operators on R as follows [LahRoh82, HudMas&82].

Definition 9.1.1 An R%valued stochastic process {X(1)} is called “operator
selfsimilar” if
(a) it is stochastically continuous at each t = 0, and

(b) for every a > 0 there exists a linear operator B(a) on RY such that

(X(an)} £ (B@X(1)). 9.1.1)

When D is a linear operator on RY, ¢” will denote the linear operator

o0

1 .
exp {(loga)D} = Z i (logay D’
=07
for a > 0. We say that an R¢-valued stochastic process {X(?)} is proper if for
all ¢t > 0, L(X(¢)) is full, namely it is not concentrated on any d — 1 dimen-
sional hyperplane.

Theorem 9.1.1 [HudMas82] Ler {X(¢),t = 0} be a proper operator self-
similar process. Then there exists an invertible linear operator D on R? such
that for each a > 0,

(X(an)} £ {dPX(1)). (9.1.2)

The linear operator D in (9.1.2) will be referred to as an exponent for the
process. The exponent D in Theorem 9.1.1 is not necessarily unique, see
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[HudMas82]. Without the assumption of {X(#)} being proper, the existence of
a not necessarily invertible linear operator D is shown in Sato [Sat91].

Since the exponent is not necessarily unique in this case, we are interested
in the set of all possible exponents D and uniqueness. Let End(R?) be the set of
all linear operators on R? and Aut(R?) the set of all invertible linear operators
on RY. Define

EX(n)}) = {D € End(RY), {X(an)} £ {(a°X(1)},Va > 0}
and
S{XM)) = {4 € Au®), (X} £ {AX (1)}

S({X(@®)}) is called the symmetry group of {X(#)}, and it is known to be a
closed subgroup of Aut(lR{‘l) (see [HudMas82]). For a closed subgroup H of
Aut(RY, the tangent space TH is defined by the set of all linear operators A on
R such that A = lim,_,.d, ! (D,, — I) for some sequence (D, in H and (d,,) in
(0,00), where d, — 0 and [ is the identity operator on R4

Theorem 9.1.2 [HudMas82] Let {X(1)} be proper and operator selfsimilar
in RY

(i) For any Dy € E({X()}), E{X(D)}) = Dy + T(S({X()})).

(ii) {X()} has exactly one exponent if and only if S({X(¢)}) is discrete.

The next result links operator selfsimilar processes to the existence of a weak
limit of scaled processes.

Theorem 9.1.3 [HudMas82] Let {X(¢),t =0} be a proper R‘valued
stochastic process which is stochastically continuous. If there exist a stochas-
tic process {Y(t),t = 0} and A(A) € End(R? ) such that
d
ANY(A) = X(1) as A — oo, 9.1.3)

then {X(1)} is operator selfsimilar.

This corresponds to Theorem 2.1.1 (i). The following is an operator version of
Theorem 2.1.1 (ii).

Theorem 9.1.4 [Mae98] Let {X(¢)} be a proper operator selfsimilar process
and let D € E({X(1)}) be fixed. Then the norming operators A(A) in (9.1.3)
can always be chosen so that, for each s > 0,

AMHAN) ' = 5P as A — oo, 9.1.4)
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Any other sequence of norming operators is of the form G(A)A(X), where
G() € SH{X(DD).

Remark 9.1.1 (A historical remark on Theorem 9.1.4) Laha and Rohatgi
[LahRoh82] first extended the notion of selfsimilarity to operator selfsimilar-
ity to allow for scaling by a class of linear operators on R? and proved the
results corresponding to Theorems 9.1.1 and 9.1.3. In their paper, they also
proved that all norming operators satisfy (9.1.4). The difference between their
results and the ones above is the following. As pointed out in [HudMas82], the
scalings which are allowed in [LahRoh82] are only invertible positive-definite
self-adjoint linear operators on RY. However, their family of processes is not
closed under general affine transformations. Properties of positive-definite
self-adjoint linear operators played an important role in their work.
[HudMas82] claimed that A(A) in (9.1.3) varies regularly under some mild
assumptions. (See [HudMas82], p. 283, lines 1-2 from the bottom].).
However, a proof of this statement was not published until [Mae98].

9.2 SEMI-SELFSIMILAR PROCESSES

In this section, we introduce the notion of semi-selfsimilarity as an extension
of selfsimilarity; see Definition 9.2.2. The latter definition will be motivated
by examples, first in Property 9.2.1 on strictly semi-stable Lévy processes and
second through the notion of diffusions on Sierpinski gaskets (Theorem 9.2.1).

Definition 9.2.1 A probability measure j on R is said to be strictly (o, a)-
“semi-stable”, if for some a € (0,1)U (1,0) and « € (0,2), ,L’Z(H)“ =

~

wa""e), 0 € R

Property 9.2.1 Let {Z,(t),t = 0} be a Lévy process such that L(Z,(1)) is
strictly (a, a)-semi-stable. Then we have

{Zalat)} £ (a"*Z,(1)). 9.2.1)
Proof. Easy. [

Once (9.2.1) is true for some a # 1, then it is also true for a”, n € Z, replacing
a. However, unless £(Z,(1)) is stable, there exists a > 0 such that (9.2.1) does
not hold, and thus it is not selfsimilar.

Kusuoka [Kus87], Goldstein [Gol87] and Barlow and Perkins [BarPer88]
constructed diffusions on Sierpinski gaskets in the following way.

We consider R% Let ay = (0,0), a; = (1,0) and a, = (1/2,/3/2), and let
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Fy = {ay,a;,a,}. Define inductively
F,,.=F,U{2" + F,}U{2"a, + F,}, n=0,1,2,...,
where y + A = {y + x,x € A}. Let

G,=2"G,, n€Z  Gu=|JG, G = Go.

The G is the Sierpinski gasket. Define a simple random walk on G, as a G,-
valued Markov chain {Y,,r = 0, 1,2,...} with transition probabilities
1
P{Yr+1:y|Yr:x}: 47
0, otherwise,

if y € N,(x),

where N, (x) are the four nearest points of G,,. Consider

XP(0) = 27" 5, r=0, n=0,1,2,....

Theorem 9.2.1 The process {X(")(t)} converges weakly to a process {X(t)},
and

X' L 2'X()},  VneEZ 9.22)

Definition 9.2.2 An Rvalued stochastic process {X(t),t = 0} is said to be
“semi-selfsimilar” if there exist a € (0,1) U (1, 00) and b > 0 such that

{X(at),t = 0} L {bX(2),t = 0}. (9.2.3)

The statements (ii) and (iii) in the following theorem correspond to Theorems
1.1.1 and 1.1.2, respectively.

Theorem 9.2.2 [MaeSat99] Let {X(7),7 = 0} be an Rvalued, nontrivial,
stochastically continuous, semi-selfsimilar process. Then the following state-
ments are true:

(i) LetT be the set of a > 0 such that there is b > 0 satisfying (9.2.3). Then
I' N (1, 00) is nonempty. Denote the infimum of I' N (1, 00) by ay.
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(a) Ifag> 1, then T = {ag,n € Z}, and {X(2)} is “not” selfsimilar.
(b) Ifay =1, then I' = (0,0), and {X(t)} is selfsimilar.

(ii) There exists a unique H = 0 such that, if a> 0 and b > 0 satisfy
(9.2.3), then b = a".

(iii) H > 0if and only if X(0) = 0 almost surely. H = 0 if and only if X(t) =
X(0) almost surely.

The real number H is called the exponent of the semi-selfsimilar process. We
call {X(¢)} H-semi-selfsimilar.

Lemma 9.2.1. Let {X(1),t = 0} be an R%valued process. If a > 0 satisfies
(9.2.3) with some b > 0, then b is uniquely determined by a.

Proof. Suppose that {X(af)} = (b, X(1)} = {b,X(£)}. Since X(7) is nondegene-
rate, we have b; = b, by Lemma 1.1.1 O

Proof of Theorem 9.2.2. We first show the statement (i). By Lemma 9.2.1, b in
(9.2.3) is uniquely determined by a. We thus denote b = b(a). Let us examine
the properties of the set I'. By definition, I' contains an element of
(0,1) U (1,00). Obviously 1 € I" and b(1) = 1. If a € T, then a ' el and
ba™"y = b(a)”", because (9.2.3) is equivalent to

{X(a_lt),t = o}i{b"X(r),t > 0}.

Hence I' N (1,0) is nonempty. If a and o’ are in I, then aa’ €T and
b(aa’) = b(a)b(a"), because

{X(aa't)} £ {b(@)X(a'D)} £ {b(a)b(a')X(1)}.

Suppose that a, € I', n = 1, and a,, — a with 0 < a < co. Let us show that
a € T" and b(a,) — b(a). Denote b,, = b(a,). Let by, be a limit point of {b,} in
[0,00]. For simplicity, a subsequence of {b,} approaching b, is identified with
{b,}. Denote u, = L(X(r)). We have

flo,(0) = Bu(b,6), VO E R

If b, = 0, then, taking the limit, we get ji,,(68) = f,(0) = 1, which shows that
X(at) is degenerate for every t, contradicting the assumption of the nonde-
generateness. Hence b,, > 0. It also follows that b,, < . In fact, if b,, = o0,
then b(a, ') = b,' — 0 with a, ' — a~' > 0, which contradicts the fact just
shown. For each fixed f, there is an & > 0 such that [i,(bs6) 7 0 for |6] < &.
Thus we have {X(at)} 4 {b,X(t)}. Therefore a €T and b, = b(a). This
shows that the original sequence {b,} tends to b(a). We denote the set of
loga with a € T" by logI'. Then, by the properties that we have proved, log I'
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is a closed additive subgroup of R and logI" N (0, o) # @. Denote the infimum
of logI" N (0, ) by ry. Then we have:

(1) If rg>0,thenlogl' = ryZ = {rgn,n € Z}.
(2) If rg =0, then logT' = R.

To see (1), let ry > 0. Then, obviously, ryZ C logT'. If there is an
r € log'\ryZ, then nry < r < (n + 1)ry with some n € Z, and hence r —
nry € logl' and 0 < r — nry < ry, which is a contradiction. To see (2),
suppose that ry = 0 and that there is r in R\logI'. As logI is closed, we
have that (r — &, r + &) C R\logI" with some & > 0. Choose s € log I satis-
fying 0 < s < 2&.Thenr — e < ns < r + & forsome n € Z, which is impos-
sible. This shows (2). Letting ag = ¢, we see that the assertion (i) of the
theorem is proved.
We claim the following.

(3) If X(0) = 0 almost surely, then b(a) > 1 for any a € I' N (1, 00).
(4) If b(a) # 1 for some a € T' N (1, ), then X(0) = 0 almost surely.
(5) If b(a) =1 for some a € I' N (1, ), then X(r) = X(0) almost surely.

To see (3), suppose that b(a) = 1 for some a € ' N (1, ) and that X(0) = 0
almost surely. Fix 7, then f,,(6) = f,(b(a)"6), and hence [, (b(a) ") =
1,(0) for every n € Z and 0 € R?. Since X(0) = 0 almost surely, we have
y(6) = 1 uniformly in @ on any compact set as n— —oo. Hence
ﬁa”,(b(a)‘”e) — 1 asn — —oo. It follows that ﬁ,(O) = 1, that is, X(¢) is degen-
erate. This contradicts the nondegenerateness and hence proves (3). To see (4),
let b(a) # 1 for some a € ' N (1,0) and note that X(0) < b(a)"X(0), this
implies that X(0) =0 almost surely To prove (5), note that, since
{X(a ")} 4 {X(®} by b(a) =1, we have
P{IX(®) = X(0)] > &} = P{|X(a""t) — X(0)| > &} — 0

as n — o0, and X(#) = X(0) almost surely.

Now we prove the assertion (ii). It follows from (3) and (4) that b(a) = 1 for
a € I' N (1, 00). Suppose ay > 1. Let H = (log b(ay))/(log ag). Then H = 0.
Any a in I is written as a = ag with n € Z. Hence b(a) = b(ay)". It follows
that log b(a) = nlogb(ay) = nHlogay = H loga, that is, b(a) = a'. In case
ay = 1, we have I' = (0, o) and there exists H = 0 satisfying b(a) = aH, since
b(a) is continuous and satisfies b(aa’) = b(a)b(a).

The assertion (iii) is a consequence of (3), (4) and (5). This completes the
proof of Theorem 9.2.2. [

An important application of Theorem 9.2.2 (i) is the following. Suppose one
wants to check the selfsimilarity of a process. If one follows the definition of
selfsimilarity, one has to check (1.1.1) for all a > 0. However, suppose one
could show the relationship (1.1.1) only for, for instance, @ = 2 and 3. Then by
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Theorem 9.2.2 (i), the fact that 2, 3 € I' implies that I' = (0, ) since
log 2/1og 3 is irrational, and thus one can conclude that {X(¢)} is selfsimilar.
Therefore, we have the following.

Theorem 9.2.3 [MaeSatWat99] Suppose that {X(t)} is stochastically
continuous. If {X(t)} satisfies (1.1.1) for some a, and a, such that
log a,/log a, is irrational, then {X(t)} is selfsimilar.
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